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Abstract

An accurate modeling of a wavy film flow down an inclined plane is developed using the weighted residual techniqu
was first proposed by Ruyer-Quil and Manneville [Eur. Phys. J. B15 (2000) 357]. The model includes third order terms in orde
to better capture the effects of small Weber and high Reynolds numbers. This is made possible by an appropriate refi
the velocity profile. To this end, a free parameterα acting on the flexibility of the velocity profile is introduced. It is shown, from
linear stability analysis that the model follows quite closely, for a suitable choice ofα, the Orr–Sommerfeld equation for a
Weber and Kapitza numbers. The improvement is of course more substantial in the inertia dominated regimes. Some
qualitative and quantitative characteristics of traveling wave solutions are then derived from a simplified version of th
that is before hand converted into a three dimensional dynamical system.
 2004 Elsevier SAS. All rights reserved.
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1. Introduction

The problem of thin viscous film flowing down an inclined plane is relevant to a broad class of natural phenome
as gravity currents (rain streaming down the wall, river and lava flows . . . ) and engineering applications ranging from
equipment for heat and mass transfer to chemical reactors.As it is emphasized by Kliakhandler and Sivashinsky [1], a fi
flow is one of the most experimentally accessible example of the intrinsically unstable extended system. For these reasons
because it both exhibits a rich dynamical phenomenology and offers a relatively simple basic solution to analyze the bi
phenomena encountered in more complex situations, this problem has been the subject of intensive studies datin
Nusselt’s paper [2]. We will see that exactly three independent basic parameters appear in the dimensionless equat
problem; in addition to the inclination angleθ which accounts for the effects of gravity, one can choose, e.g., the Rey
numberR and the Weber numberW which respectively give the relative importance of inertia and surface tension e
compared to viscosity ones. In some range of these parameters, experiments have revealed that film waves often exhibit a la
spectrum of wave amplitude, wavelength and wave speed. These waves emerge first as short periodic, near sinusoida
the inception region and may evolve into a highly irregular state over a long distance and time. As described by Chan
reported by Oron and Gottlieb [4], a general scenario of formation and evolution of naturally excited waves consists
main stages including: (i) downstream amplification of a disturbance to form a one humped wave, (ii) saturation of t
to a finite amplitude structure, (iii) self organization of the pattern into lumped solitary waves, (iv) amplification of tran
disturbances to form an essentially three dimensional pattern. These stages were also observed in experiments by
co-workers [5–7]. In fact, the final pattern selection depends on the flow parameter set. For moderate Reynolds
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the asymptotic state is dominated by long solitary waves regardless of initial disturbances. These solitary waves have many
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distinctive properties among which is the existence of a characteristic wavelength between solitary like pulses which
larger than the film thickness. Kapitza and Kapitza [8] were the firsts to characterize the wave structure on the film surf
reported the formation of two types of waves when pulsations are imparted at the inlet of a vertically falling water film. T
one is a wave train of nearly sinusoidal pattern produced by a small amplitude and high frequency forcing and which pr
downstream without changing their slope and speed appreciably. The second one is solitary waves which can be obse
immediately without an incipient region, when the perturbing pulses are strong and less frequent. Liu and Gollub [6] o
that small amplitude sinusoidal waves at the entrance can evolve rapidly into solitary pulses (within 20 cm for a vertic
the characteristics of the waves can increase downstream by nearly one order of magnitude after the transition to solit
that subsequently destabilize up to developed space time chaos. In Liu et al. [5], unstable periodic waves were tracked
developed spatially chaotic structure viasubharmonic bifurcations and side band instability depending on the forcing frequency
The phenomenon of period doubling was also observed by Brauner and Maron [9] without artificial perturbations.

From a theoretical viewpoint, a great deal has also been learned about the onset of waves and their weakly
evolution since the works by Benjamin [10] and Yih [11]; They computed, by performing a long wavelength expan
the Orr–Sommerfeld (OS) equation, neutral stability curve and found that the condition for the flat solution to be unstable is
R > 5

6 cotθ . This means that at sufficiently large Reynolds number, the destabilizing effects of inertia overcome the stabilizing
influence of gravity. It is worth noting that the critical condition does not involve the Weber number since the surface
forces are negligible in the limit of large wavelength disturbances. It is also known [12,13] that the instability may manife
as relatively short shear waves for small gravity effects and sufficiently low surface tension. In this case, the critical R
number is found to be a nonmonotonic function ofθ andW . In order to determine the nature of interfacial instabilities, Bre
et al. [14] have examined the dynamics of wave packets by solving the linearized Navier–Stokes equations for spatially
disturbances; they showed that the flow over inclined planes is convectively unstable at least up to very large Reynolds

While linear analysis is a powerful tool to locate the bifurcation points as well as to predict qualitative charact
of developing disturbances, it does not provide any quantitative information about the fully developed region far away fro
the inlet where nonlinearity dominates the wave system. In order to accurately describe certain special situations (as in,
stationary states), the impact of nonlinearity must be considered. This can be achieved within the full Navier–Stok
equations. Unfortunately, these equations are not amenable to analytical investigations and their numerical integrat
presence of a moving boundary is a notoriously expensive task. For this, they are generally restricted to relatively small
numbers. For instance, finite elements were used by Bach and Villadsen [15] and by Kheshgi and Scriven [16] who found
stationary solitary waves on a vertically falling film respectively in the range 2.5 < R < 25 and forR < 10. The highly nonlinear
character of the phenomena has also motivated several approaches: perturbative expansions, normal form analysis an
layer theories, all derived from the NS equations under certain assumptions.

The common feature of all these models is that by taking advantage of the smallness of certain parameters and by fo
particular regimes, the dependence of the cross wise coordinate is eliminated, thereby providing a substantial simplific
of the problem. The first, the simplest and the most commonly used nonlinear model was derived by Benney [18] by int
a long wave parameterµ to expand the full hydrodynamic equations, with the assumptions thatR andµ2W areO(1). This
led to the so called Benney equation (BE), which describes the film flow in terms of a single evolution equation for
surface shape. Oron and Gottlieb [4] showed, by comparison with a direct numerical simulation of the basic equations
validity range of the BE is limited to a small vicinity of the critical Reynolds number. Its solution significantly deviates fro
numerical one and developed a finite time singularity at some distance beyondthe stability threshold despite the regularizing
effect of the surface tension. This behavior was first noticed by Pumir et al. [19] and further studied by Rosenau et
The long wave assumption allowed the derivation of other celebrated models like the Kuramoto–Sivashinsky equat
the Kawahara equation [22] and their variants as for instance the regularized model proposed by Ooshida [23]. Quite
Panga and Balakotaiah [24] proposed a new evolution equation by means of a suitable scaling allowing to introdu
correction terms that are missing in the long wave equations. Their solutions are, similarly to that of the BE, not sat
far from the onset of instability. The failure of these long wave models, based on a single evolution equation for the film
is partly due to their incapacity of capturing all of the inertia effects. For this a more realistic approach is needed to des
the film dynamics at moderate and high Reynolds numbers. Such approach is firstly proposed by Shkadov [25] by pe
a depthwise integration of the momentum equation and assuming a self similar semi parabolic velocity profile. Even
the resulting model, termed the integral boundary layer (IBL) one, does not exhibit any divergence, it does not predict neith
the stability threshold correctly, as the BE does, nor the Hopf bifurcation.Further developments of the IBL model were do
by many authors. Nguyen and Balakotaiah [26] and Lee and Mei [27] retained more terms in the governing equations
the conventional parabolic velocity profile. Yu et al. [28] used a more general velocity profile than the parabolic one.
advantages of the numerical simulation of the linear stability problem, a new simple equation is proposed by Kliakhandler [29
Ruyer-Quil and Manneville [30–32] derived several models by combining a long wave expansion and a Galerkin approximatio
using specific polynomials as test functions. This technique is based on the strong cross stream coherence of the flow ensur
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viscosity. Thus it allows to better capture the viscous effects which are dominant at small Reynolds numbers and thereby yields
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a correct condition for theonset of instability. The latter is retrieved even by using the first basic polynomial alone. On the othe
hand, even if these authors assume the inertia effects to be small compared to the viscous ones such thatR = O(1) their studies
show remarkable agreement with experiments and numerics up to quite large Reynolds number. Most of the previou
are performed in the limit of large Weber number, neglecting the cross stream inertia effects. In situations where the
of comparable importance with the capillary effects such thatW = O(1), the available results need to be improved. In th
conditions, the long wave analysis remains applicable provided that the Reynolds number is large. Accordingly, large R
numbers and Weber numbers of order unity will be considered in what follows. In many respects, our modeling strategy
the works by Lee and Mei [27] and Ruyer-Quil and Manneville [31,32]; it consists in expanding the velocity profile on
basis polynomials and using a refinement ofthe integral Polhausen–Von Karman averaging technique. The model still re
correct in the limit of largeW allowing then to consider small and moderate Reynolds number so long as the productWR is
large in order that the long wave analysis be ensured. In Section 2, we first recall the formulation of the problem in ter
primary variables, namely the velocity field, the pressure and the free surface shape. A third order system is then ob
applying the long wave expansion. The Galerkin procedure is outlined in Section 3 where four coupledequations are derive
for the spatio temporal evolution of the fluid depth, the flow rate and two other relevant variables. The linear stability
equations is carried out in Section 4; this leads to the dispersion relation from which the marginal stability curve is obta
marginality an unstable disturbance has the character of a wavepacket around the most unstable mode which moves at its g
velocity and spreads while it grows. Of particular interest is the special case when the group and the phase velocities
This happens under suitable conditions, when the squeeze due tononlinearity is balanced exactlyby the expansion due to th
dispersion, leading to spatially localizedwaves that propagate with constant velocities and undistorded shapes. Looking for
the limited but important class of these disturbances, allows to turn the set of partial differential equations into a dy
system parametrized by their celerities. This question is examined in Section 5 by means of the simplest model resu
a parabolic velocity profile. The problem is firstly converted into a three dimensional dynamical system with the film
and its derivatives with respect to the comoved coordinate being the state variables; it appears as either a nonlinear
problem when boundary conditions are prescribed at both upstream and downstreaminfinities or as an initial value problem
when no downstream behavior is required for the traveling waves. Here, we are just interested in the latter case where
celerity, considered as a free parameter, plays a fundamental role. Some concluding remarks are finally given in the la

2. Problem statement

Consider a thin liquid film flowing down an inclined plane making an angleθ with the horizontal under the action o
gravitational fieldg and surface tensionσ . The fluid motion is referred to Cartesian coordinates system in which thex axis
coincides with the inclined bottom from which they coordinate is counted normally. A schematic drawing of the film flow
shown in Fig. 1. Denoting byΩ(t) the domain occupied at timet by the fluid, the governing equations are:

vt + (v · ∇)v = −∇p/ρ + ν∇2v + g in Ω(t), (1)

∇ · v = 0 in Ω(t), (2)

Fig. 1. Schematic picture of a film flowing down an inclined plane.
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wherev = (u, v) is the velocity field,ρ is density,p is the pressure,ν is the kinematic viscosity andΩ(t) = {(x, y), x ∈ �,
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0 < y < h(x, t)}; h(x, t) is the local depth of the liquid layer. The above equations must be solved subject to:

– the no-slip condition at the bottom

v = 0 aty = 0; (3)

– the kinematic condition which states that the free surface is advected by the fluid

ht + uhx = v aty = h(x, t); (4)

– and the dynamic free surface condition which expresses the equilibrium of all forces acting on a unit area

T · n + σ(∇ · n)n = 0 aty = h(x, t), (5)

whereT is the stress tensor andn is the unit outward normal vector to the free boundary

n ≡ (1,−hx)(1+ hx)−1/2. (6)

Subscripts denote partial derivatives. There exists a well-known time independent solution, referred as the Nussel
for the system of Eqs. (1)–(5). The Nusselt film thicknesshN is constant and the only nonzero component of velocity is
streamwise one. It only changes across the film and is given by:u0 = g sinθ

ν (hNy − y2/2). The corresponding depth averag

velocity and flow rate are respectivelyuN = g sinθh2
N

/3ν andqN = hNuN . Accordingly, only one of the two parameter
eitherqN or hN may be free, leading then to two physical situations. The stability of the Nusselt solution is being considered
here within the long wave assumption. To this end, we first write all governing equations with normalized variables by u
following scaling factors: the streamwise coordinatex is scaled by a characteristic wavelengthL and the normal coordinatey by
the Nusselt film thickness. The velocity componentsu andv are referred touN and toµuN respectively,µ being the longwave
parameterhN/L. The time and the pressure are in units ofL/uN and ρνuN /µhN respectively. After being simplified b
dropping the terms that are of orderµ4 or higher, Eqs. (1), (2) acquire the following dimensionless form:

ux + vy = 0, (7)

Rµ
Du

Dt
+ px = 3+ ∇2

µu, (8)

Rµ3 Dv

Dt
+ py = −3µcotθ + µ2vyy . (9)

The boundary conditions are:

– at the bottom:

u = v = 0; (10)

– at the free surface:

v = ht + uhx, (11)

uy + µ2(vx − 4uxhx) = 0, (12)

p − 2µ2vy + RWµ3hxx = 0. (13)

In the above, operatorsD/Dt and∇2
µ indicates the total derivative with respect to the time and the normalized La

operatorµ2∂2
x + ∂2

y , R = uNhN/ν andW = σ/(ρu2
NhN) indicate the Reynolds and Weber numbers respectively. The W

number is thus defined in terms of the ratio of the pressure drop due to surface tensionσ/hN and the dynamic pressureρu2
N .

Another formulation of the Weber number exists comparingσ/hN to the hydrostatic pressure dropρghN sinθ across the fluid
layer (W ′ = σ/ρgh2

N sinθ) such thatW ′ = WR/3. Integrating the incompressibility condition (7) over the film thickness and
using the kinematic condition (11), one obtains:

qx + ht = 0, (14)

whereq(x, t) = ∫ h
0 udy is the flow rate, one of the most important variable of the problem.
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In the same way, the integration of they momentum equation combined with the boundary condition (13) provides the
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pressure field;

p(x, y) = 3µ(h − y)cotθ + Rµ3

[ h∫
y

Dv

Dt
dy − Whxx

]
− µ2(ux + ux |h). (15)

Differentiating this equation with respect tox and using Eq. (8), yield:

uyy + 3(1− µhx cotθ) − Rµ
Du

Dt
+ µ2(2uxx + (ux |h)x

) + Rµ3

[
Whxxx − ∂

∂x

h∫
y

Dv

Dt
dy

]
= 0, (16)

where the pressure is eliminated andv = −∫ y
0 ux dy. The previous system is thus reduced to the single equation (16) subj

the adhesion condition aty = 0 together with the condition (12). The expression (15) shows thatW compares the pressu
induced by surface tension to the cross stream effectsDv/Dt . Therefore, the latter should be kept for consistency w
W = O(1). On the other hand,µ2W ′ appears in Eq. (16) such that it compares the pressure gradienthxxx generated by
surface tension to the stream wise gravity force 3hx cotθ . The balance between these two effects is precisely the mecha
that generates the capillary-gravity waves preceding the wave front and that, consequently, prevents the wave from
Therefore, the long wave expansion requiresW ′ to be large. Situations can effectively be found whereW = O(1) so that cross
stream momentum termsDv/Dt should be taken into account andW ′ sufficiently large for ensuring the long wave analys
These situations correspond to large Reynolds numbers.

3. Method of solution

The velocityu(x, y, t) is expanded in a self similar manner such that the boundary conditions are satisfied

u(x, y, t) = SK(x, y, t) + a(x, t)ũ(η), (17)

whereSK(x, y, t) = ∑K
k=0 ak(x, t)uk(η), η = y/h(x, t) anduk(η) = ηk+1 − k+1

k+2ηk+2.

We observe that∂uk
∂η

|1 = 0; for this reason an appropriate terma(x, t)ũ(η) is added to the seriesSK(x, y, t) to take into
account the deviation of the velocity profile induced by thenonuniform condition (12). The polynomial expansion is truncated
to some sufficiently high orderK to insure resolution of effects due to steep gradients. The polynomialũ(η) will be specified
later and a Galerkin projection will be used to determine the equations for coefficientsak. Before all, it is to be noted that th
crudest approximation is withK = 0 anda = 0, which reduces to the parabolic model. The particular casea0 = constant gives
the flat solution. Coefficientsak , k � 1, emerge owing to the deformation of the free surface. As a result, it can be sho
successive differentiation of (16) with respect toy that these coefficients are at least of one order inµ. This property is turned
to account by rewriting (17) in the form:

u(x, y, t) = u(0) + µu(1) + µ2u(2). (18)

It can be shown from (16) thatu(1)is at most a sixth order polynomial sinceu(0) is a second order one; this means thatu(1)

is determined by at most four fieldsa1, . . . , a4. In fact, Ruyer-Quil and Manneville [31,32] showed that only two fields, saya1
anda2 are required to describe the first order correctionu(1). The two other coefficients,a3 anda4 are enslaved toa1 anda2.

Indeed, by neglecting second order terms in Eq. (16), one obtains:

∂nu(1)

∂yn

∣∣∣∣
h

= Rµ

(
∂

∂t
+ u|h ∂

∂x

)
∂n−2u(1)

∂yn−2

∣∣∣∣
h

, n = 3,5, (19)

which gives:

∂3u(1)

∂y3

∣∣∣∣
h

= ∂5u(1)

∂y5

∣∣∣∣
h

= 0 given that
∂u(1)

∂y

∣∣∣∣
h

= 0. (20)

Taking this into account, the correctionu(1)may be written:

u(1) = a1ũ1 + a2ũ2, (21)

whereũ1andũ2 are linear combinations of(u1, u2) and(u1, u3, u4) respectively; hence:

∂nũ1

∂yn

∣∣∣∣
h

= 0,
∂nũ2

∂yn

∣∣∣∣
h

= 0, n = 1,3,5. (22)
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Notice that, by the implicit notational change introduced by (18), the coefficientsa1 anda2 are accordingly of zeroth order
(2) ial

er

d
by

correction
cients in

sists in
in the

ation this

ntly
in µ. Now, let us examine the second order correctionu . First of all we notice that it is at most a tenth order polynom
since the second order inertia term is a polynomial of degree eight resulting from the interaction between zeroth and first ord
solutions. Hence,u(2) may be written as follows:

u(2) = b0u0 + · · · + b8u8 + aũ, (23)

whereũ is an additive polynomial such that:

∂ũ

∂η

∣∣∣∣
η=1

= 1. (24)

Requiring the fulfillment of (12) and taking advantage of (24), one finds:

a = h
(
4u

(0)
x hx − v

(0)
x

)
. (25)

This means that nine fieldsb0, . . . , b8 are a priori required to describe the correctionu(2). In fact, this number can be reduce
by examining the successive odd derivatives ofu(2), with respect toy, evaluated at the free surface. To this end, we begin
differentiating (16) with respect toy. Ignoring third order terms yields:

∂3u

∂y3

∣∣∣∣
h

= Rµ

(
∂

∂t
+ u|h ∂

∂x

)
− ∂u

∂y

∣∣∣∣
h

− 2µ2 ∂uxx

∂y

∣∣∣∣
h

(26)

which, owing to the boundary condition (12), and removing again third order terms give:

∂3u(2)

∂y3

∣∣∣∣
h

= −2
∂u

(0)
xx

∂y

∣∣∣∣
h

. (27)

This condition finally reads:

∂3u(2)

∂y3

∣∣∣∣
h

= 2
a0

h3

(
4h2

x − hhxx

) − 4a0x
hx

h2
. (28)

Pursuing the differentiation of (16) and continuing to ignore third order terms, we are led to:

∂2n+1u(2)

∂y2n+1

∣∣∣∣
h

= 0, n = 2,3,4. (29)

This means that, when evaluated at the free surface, the fifth, seventh and ninth derivatives of the second order
are equal to zero. The constraints (29) together with (28) allow to reduce to only five the number of independent coeffi
the sequenceb0, . . . , b8. So (23) becomes:

u(2) = b∗
0u∗

0 + · · · + b∗
4u∗

4 + aũ, (30)

whereu∗
0 = u0, u∗

1, . . . , u∗
4 are linear combinations of(u1, u2), (u1, u3, u4), (u1, u3, u5, u6), (u1, u3, u5, u7, u8) respectively.

Thus, a full third order theory would require the use of all the fieldsb∗
0, . . . , b∗

4 in addition to the unknowna0, a1, a2 andh.
However, in order to reduce the analysis we will restrict our attention to a relatively simple approximation which con
representingu(2) by the sole termaũ in (30). The calculation becomes then straightforward and essentially the same as
second order theory since the truncation avoids precisely the introduction of additive fields. Besides the great simplific
truncation provides, the main advantage it also presents is its ability to accurately describe the instability threshold by properly
choosing the polynomial̃u. Before doing this, we first substitute to the basisuk an orthogonal one, in the sense ofL2(0,1). The
basic idea dictating the choice of the latter, notedgk , is identical to that for the second order theory, i.e., in order to convenie
implement the Galerkin procedure. Thence, we will writeu in the form:

u = a0g0 + µ(ã1g1 + ã2g2) + µ2a(η + g3), (31)

where

g0(η) = η − 1

2
η2, g1(η) = η − 17

6
η2 + 7

3
η3 − 7

12
η4,

g2(η) = η − 13

2
η2 + 57

4
η3 − 111

8
η4 + 99

13
η5 − 33

32
η6, (32)

g3 is a polynomial of degree eight such that∂g3
∂η |η=1 = 0; so it may be put in the form:

g3 = α0g0 + α1g1 + α2g2 + αu6. (33)
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Using orthogonality of g3 + η to the subspace spanned byg0, g1 andg2 allows to eliminateα0, α1 andα2 in favor of α
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and definesg3 as a one parameter family of polynomials of degree eight.

g3(η) = −
(

53

528
α + 25

13

)
g0(η) +

(
9

26
α + 9

8

)
g1(η) −

(
113

192
α + 299

256

)
g2(η) + α

(
η7 − 7

8
η8

)
. (34)

The optimal value ofα which generally does not provide the simplest polynomial will be specified later from the num
tests. Instead of the fieldsa0, ã1 and ã2 without direct physical meaning, we introduce the flow rate and its corrections n
s1 ands2 by the following transformation [31]:

a0 = 3
q − s1 − s2

h
, ã1 = 45

s1

h
, ã2 = 210

s2

h
. (35)

Now, we apply the Galerkin weighted residual procedure to (16). Then requiring the orthogonality of the residual to the
basis functionsg0, g1 andg2, one successively obtains:

qt − s1t − s2t + Q1(q,h, s1, s2) + µ3Q̃1(q,h, s1, s2) = 0, (36)

s1t + S1(q,h, s1, s2) + µ3S̃1(q,h, s1, s2) = 0, (37)

s2t + S2(q,h, s1, s2) + µ3S̃2(q,h, s1, s2) = 0. (38)

The first equation can be rewritten in a more convenient form by eliminatings1t ands2t ; this gives:

qt + Q2(q,h, s1, s2) + µ3Q̃2(q,h, s1, s2) = 0. (39)

(Q1, . . . , Q̃2) are differential operators; their explicit form is omitted here and given in the appendix owing to their exc
length. Eqs. (37)–(39) are naturally completed by the conservation equation of the flow rate (14). We note thatQ̃2, S̃1 andS̃2
involve corrections due to inertia terms in proportion withµ3. Neglecting these terms and performing the transforma
(t, q, s1, s2,R,W) → (1

3t,3q,3s1,3s2, 1
3R,9Γ ) on Eqs. (37)–(39) allow to recover Eqs. (11)–(13) given in [32]. Let us n

examine the implications, on the linear stability of the flat solution, of these additive inertia terms whose relevance is
when working with large Reynolds numbers.

4. Linear stability results

We further consider the stability of the basic flow against two dimensional small disturbances. Linear stability a
is useful to determine the most unstable mode, to locate the onset of instability in the parameter space as w
predict qualitative characteristics of developing perturbations. If we assume that the free surface is weakly deform
(q,h, s1, s2) = (1,1,0,0) + (q̃, h̃, s1, s2) with |q̃|, |h̃|, |s1| and |s2| � 1, the foregoing set of equations can be lineariz
Therefore the normal mode representation that consists in seeking the disturbances in the wave like form, i.e., propo
ei(kx−ωt), can be applied. The exponentsω andk are complex; their imaginary part describes the temporal and spatial g
rate of the disturbances while their real part gives the wavenumber and the frequency of the disturbances. The cond
nontrivial solution to exist is thatω andk must satisfy a dispersion relation we put in the form:

8∑
j=0

Ajkj = 0 (40)

with:

A0 = −5

2
iω − 15

13
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13013
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R3ω4
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,

A3 =
(
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R cotθ − 684

13013
R2

)
i +

(
12205

24024
R + 8
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R2 cotθ − 184

143143
R3

)
ω − 3439

524160
iR2ω2
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A4 = 5

6
WR − 30993

128128
R − 74

65065
R2 cotθ + 24
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39
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α
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−
(
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α
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α
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(
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,
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A7 = ε

[
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9009
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1153152
i +

(
− 28982399

21107294208
+ 4991070473

3078709933178880
α
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]
.

Notice that the parameterµ is dropped by rescaling the streamwise coordinate andε (=1) is introduced to locate the term
proportional toµ3. For easier comparison with previous results, e.g., those in [32], the velocityu must be rescaled by th
velocity at the interface. Accordingly, the transformation(ω,R,W) → (3

2ω, 2
3R, 9

2W/R)is required. Then, comparison of (4
with the relation (19) given in [32] shows that all the terms are identical, except those involving the factorε. The marginal state
is obtained from (40) by setting Imω = Im k = 0. Then, splitting the result into real and imaginary parts, yields two expres
for the marginal wave frequencyωm and wavenumberkm we formally write in the form:

F1

(
ωm,km,R,W,

cotθ

R

)
= 0, (41)

F2

(
ωm,km,R,W,

cotθ

R

)
= 0. (42)

Eliminatingωm from these equations allows to express the marginal wave numberkm as function of the relevant paramete
The critical conditions for the onset of instability are then obtained:ωc = kc = 0, Rc = 5

6 cotθ and the critical wave celerity
is c0 = 3. All disturbances are stable forR < Rc and for R > Rc a marginal curve exists which separates the dam
eigenmodes(k > km) from the unstable ones(k < km). At marginality, the spatial and temporal modes coincide and the sp
growth of a mode is related to the temporal growth by the group velocity(cg)m = (∂(Reω)/∂(Rek))m not the phase velocity
(cm = ωm/km). On assuming that the dispersion relation (40) givesω as an analytic function ofk, the Cauchy–Rieman
conditions yield along the marginal curve:

(cg)m = Re(dω/dk)m. (43)

It is relevant to mention here that these two velocities are equal in the more restrictive case where the modes a
traveling wave type. Beyond criticality(R > Rc), a disturbance has the character of a wavepacket, around the most un
mode, which moves at its group velocity. It spreads while its amplitude grows to a size sufficient to excite nonlinear inte
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between the other components; these interactions then retard the exponential growth until, finally, a new flow sets in. In
stability
es

. (88)).
e

eber
r a
view of the comparison to be made with the asymptotic solution of the OS equation, let us consider the temporal
(i.e., k is real andω is complex) near criticality. Then, expandingω in powers ofk and performing the notational chang
(ω,R,W) → (3ω,R/3,9W/R) in the dispersion equation (40) yields:

ω = k +
(

2

5
R − 1

3
cotθ

)
ik2 +

(
10

21
R cotθ − 4

7
R2 − 1

)
k3

+
(

−1

3
W + 3

5
cotθ − 2

15
R(cotθ)2 + 17363

17325
R2 cotθ − 471

224
R − 75872

75075
R3

)
ik4 +O(k5). (44)

This equation is nothing but the exact asymptotic expansion of the OS equation that may be found in [30] (Eq
We further observe that the parameterα does not appear at the considered order ink. Let us introduce for convenience th
Kapitza number(Ka = σ/ρg1/3ν4/3) which is constant for a given fluid. Expressed in terms ofR and W , Ka becomes:

Fig. 2. Marginal stability curves for the Nusselt flow on a vertical plane.The marginal wavenumber is plotted against the inverse of the W
number for two fluids characterized by their Kapitza number: (a)Ka= 1, (b)Ka= 100. The model follows quite closely the OS equation fo
suitable choice of the parameterα (α = 1 for Ka= 1 andα = −5 for Ka = 100) (c) indicates the effects of varyingα in the caseKa= 100.
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Ka = W(R5/3)1/3. Recall that we are primarily interested with the particular situations of largeR and W = O(1), which
for

equation
the OS
sely the
ing to
e

n
0
r

le

limits its
ntage of

mination

ced
correspond to largeKa. Small Kapitza numbers corresponding to smallR (thereforeW must be large) are also considered
comparison. Fig. 2 shows neutral stability curves obtained from the present model, some recent ones and from the OS
for various fluids in the case of vertical plane. It is clearly indicated that the models are all in good agreement with
equation at largeW corresponding to viscous dominated regimes. We observe that the present model follows quite clo
OS equation whereas the other models diverge asW decreases, i.e., when inertia increases. This agreement is achieved ow
suitable choice of the parameterα, depending on the Kapitza number. Changingα significantly affects the neutral stability curv
for largeKa. This can be illustrated through Fig. 2(c) where neutral stability curvescorresponding to variousα are compared
to that given by the OS equation forKa = 100; in this case, the best value ofα (αopt) is around−5. This value is selected i
order that the maximum departure between the calculated value ofkm and that given by the OS equation does not exceed 1−3.

For Ka = 1000 numerical tests give, within the same accuracy,αopt 	 −2. In the range of smallKa, the marginal wave numbe
is found to be relatively insensitive to changes in the value of this parameter. For example, it is found thatαopt ∈ (−2,1) for
Ka = 10 and the influence ofα is not discernible at all in the case ofKa = 1 provided thatα is in the range(−100,100).
This means that, the relevance of the parameterα which is introduced in order to improve the flexibility of the velocity profi
especially appears when inertia effects are important.

5. A simplified model

The model described above by Eqs. (37)–(39) is too cumbersome and hardly tractable in the nonlinear case; this
practical usefulness. It is then advisable to abandon it in favor of an appropriate simplified version which takes adva
some relevant terms originate from higher inertia effects. A great simplification can be obtained by a direct adiabatic eli
of the correctionss1 and s2 in Eq. (36). This consists in neglecting the temporal and spatial derivatives ofs1 and s2, and
assuming that the products ofs1 ands2 with the derivatives ofq or h can also be neglected. This simplification was introdu
by Ruyer-Quil and Manneville [31,32] and in order to legitimate it, they argued that the relaxation times ofs1 ands2 are much
shorter than that of the flow rate. Using these assumptions, Eq. (36) yields the following simplified equation:

q

h2
− h + 2

5
Rqt + 34

35

Rqqx

h
+ hhx cotθ − 18

35

Rq2hx

h2
+ 9

5

hxqx

h
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5

h2
xq

h
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5

hxxq

h
− 9

5
qxx − 1

3
RhWhxxx

+ εR

[
23

336

q2h3
x

h2
− 11

140
hqxthx − 187

3360
qqxxhx + 4633

6720
qqxhxx − 601

2520
hqqxxx − 683

2520
hqxqxx + 107

840
hqthxx

Fig. 3. Marginal stability curves against disturbances of traveling wave type. The marginal wave celeritycm is given as a function of cotθ/R

for W = 5 andW = 50. This illustrates the accuracy of the simplified model (+) compared to the complete model (—).
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= 0. (45)
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It is to be noted that this equation can also be obtained in a roundabout way by combining the three equations (
Eqs. (37) and (38) serve to express the enslavement ofs1 ands2 to q andh. Their elimination from Eq. (39) then allows t
get Eq. (45). The performance of this model is illustrated throughFig. 3 where are compared the restriction (to disturbances o
traveling wave type) of its marginal stability curve and that resulting from the complete dispersion relation (40). Let u
that for this type of disturbances, the group and phase velocities coincide. Equating them and making use of (43) r
relation of the form:

f

(
R,W,

cotθ

R

)
= 0. (46)

Then, eliminatingR in favor of W and(cotθ)/R allows to expresscm as a function ofW (or Ka) and(cotθ)/R in the linear
instability region. Fig. 3 showsthat there is a good agreement between the twomodels. As one would expect, greater is t
Weber number (orKa) better is the approximation.

6. Traveling wave solutions

In this section, our main interest focuses on studying the asymptotic form of the fully developed state. To this
consider a particular type of wave form that is steady in a moving frame, i.e., that travels at a constant celerityc without
changing its shape. This type of solutionswhich are characterized bytheir celerity exists under suitable conditions, when
widening due to dispersion is balanced exactly by the narrowing effect due to the nonlinearity. Changing the paramc in
some range allows to explore the entire spectrum of asymptotic behavior of these traveling waves. For convenience we
the phase variableξ = x − ct to convert the two equations (14) and (45) into a three dimensional dynamical system.
end, let us integrate Eq. (14) once, we obtainq = q0 + ch with q0 being the integration constant which physically represe
the flow rate in the comoved frame. Requiring the condition that the Nusselt flow must be solution for allc allows to express
the flow rate in terms of flow depth and wave celerity. Sinceq = 1 for h = 1 (because of our scaling), one obtain:

q = 1+ c(h − 1). (47)

Therefore, eliminatingq in favor of h, Eq. (45) can be written in a general compact vector form:

dH
dξ

= F(H,P) (48)

where H = (h,hξ ,hξξ )t is the state variable vector,P = (W,R, c,cotθ) is the 4-dimensional vector of parameters a
F = (hξ ,hξξ , f/δ)t is the corresponding right-hand side vector with

δ ≡ δ(h) = Wh3 − 391

6720
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+ hξξ

(
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(
−333

448
h(c − 1)2 − 929

2240
h2c(c − 1) + 667

3360
h3c2
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. (50)

It is worth noting that:

(i) in addition to the trivial fixed pointH1 = (1,0,0), the stationary wave solution exhibits another fixed pointH2 =
(1

2{(4c − 3)1/2 − 1},0,0) which does really exist only forc > 1; it can only be viewed as an asymptotic part of a locali
disturbance of hydraulic jump type propagating with a celerityc.

(ii) solving the system (48) therefore requires to specify the asymptotic conditions as|ξ | → ∞, which may for instance
correspond to either one or the other fixed point. In fact, it will be seen below that a suitable scaling transformatio
us to fix, without loss of generality, theNusselt solution atupstream infinity.

(iii) when conditions are prescribed atboth upstream and downstream infinities, weare led to a nonlineareigenvalue problem
with the eigenvaluec that has to be found together with the traveling solitary waves describing the thickness profile.
order that this type of solution (solitary waves) occurs, the set of parameters must satisfy some eigenrelation.
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Fig. 4. Singular lines corresponding to the vanishing of the denominatorδ given by (49) in thec versusW plane.δ(H1) = 0 (-), δ(H2) = 0 (�).
Heteroclinic orbits can only occur in hatched regions wherenone of the singularities intrude between the two fixed points.

(iv) on the other hand, the problem also may be considered as aninitial value problem by prescribing only upstream conditions
In this context, the downstream behavior is not fixed in advance and become a result that depend on the wave
Therefore the later may be viewed as a bifurcation parameter for a given set of other physical parameters, sincc alone
determines the second fixed point.

By varying the parameterc, the two solution branches intersect each other at the critical valuec = 3; this suggests th
possibility for the two fixed points to exchange here their stability. Before discussing the stability properties of thes
points in the parameters space, it is interesting to first examine the singularities of the system (48); these correspond to
annulation of the denominatorδ given by the expression (49). Thus, one obtains two singular thicknesses depending o
the Weber number and the bifurcation parameterc.

(HS)∓ = [3360W + 1211c(c − 1)] ∓ 8[W(176400W + 127155c(c − 1)) + 829c2(c − 1)2]1/2

391c2
. (51)

Of course, this kind of breakdown does not occur in practice. Rather, the occurrence of the breakdown must be un
as a defect of third order models incorporating cross stream effects. Mei and Lee [27] pointed out that this could be
improving the long wave like approximation. For instance, adding fourth order terms these authors found that the si
occurs either for a dry bed or forc < 1 in which case the conjugate fixed point does not exist. In order to a heteroclinic
connecting the two fixed points can exist, there must be no singularity between them; this means that a smooth transitio
corresponding to a transcritical bifurcation from the upstream fixed point to the downstream one can happen in these con
by varyingW and c. Fig. 4 shows in theW versusc plane, two shaded regions where none of the singular heights in
betweenH1 andH2. The boundaries of these regions are constituted by the trajectoriesδ(H1) = 0 andδ(H2) = 0.

6.1. Stability and bifurcations of the fixed points

The dynamical system (48) is now considered to locate regions of the parameter space in which periodic and
motion may occur. In principle, the full investigation of the underlying dynamics requires a numerical study of the
due to its nonlinearity, but some insights about the behavior of the flow may be obtained from the linear analy
the fixed points. We notice that the latter may however be restricted to only the stability properties of the upstrea
point and therefore to the solutions bifurcating from it owing to the invariance of the system to the rescaling transfo
(ξ,h, c,R,W) → (H2ξ,H2h,H2

2c,R/H3
2 ,WH5

2 ). Hence, limiting ourselves to the study of the upstream fixed point,
following the usual method for solving sets of first order linear differential equations, trial solutions of the formh ∼ exp(λξ)
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may be substituted into the equations. The conditions for a nontrivial solution to exist is thatλ must be an eigenvalue of the
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Jacobian matrix and therefore must satisfies the cubic characteristic equation:

λ3 +
[

β1

R
λ2 + β2λ + β3

R

]/
δ(1) = 0, (52)

where theβ coefficients are given by the following expressions:

β1 = −36

5
+ 27

5
c,

β2 = −3
cotθ

R
+ 6

5
c2 − 102

35
c + 54

35
, (53)

β3 = 3(3− c).

A topological singularityassociated with an instabilityoccurs when one real eigenvalue or two complex conjugate
eigenvalues for the generic case (more for nongeneric case) cross the imaginary axis. In the case of real eigenvalu
the generic bifurcation is the transcritical bifurcation; the two fixed points collapse at the critical valuec = 3 for which the
Jacobian matrix is noninvertible(β3 = 0). When this critical value is crossed, the two fixed points exchange their sta
Forc < 3, the fixed pointH1 is stable andH2 unstable, whereas forc > 3 these stability properties are inverted. Physically,
bifurcation gives rise to a traveling wave of hydraulic jump type. In the case of complex conjugated eigenvalues cros
generic situation is a Hopf bifurcation. There is no violation of the implicit function theorem since the Jacobian matrix r
invertible. At the bifurcation appears a limit cycle centered at the fixed point, this means that periodic solution may b
from the uniform flow under suitable conditions. It is straightforward to show that the appearance of a Hopf bifurcation requir
the following three conditions:

β1δ−1 > 0, β2δ−1 > 0, β1β2 = δβ3. (54)

In order to illustrate the influence of all parameters on the possible bifurcations, we present results in the(c,cotθ/R) plane for
variousR andW . First of all, it is to be noted that the equality in (54)is nothing but the marginal stability condition in the
particular case of traveling waves. Moreover, the first two conditions are satisfied only in the linear instability regime(R > Rc).
This allows to restrict ourselves to the values of cotθ/R less than 6/5. Fig. 5 displays the effect ofW on the Hopf bifurcation
threshold(β1β2 = δβ3) represented by the curve (H). This curve converges naturally to the critical point(cotθ/R = 6/5, c = 3)

and lies in a region (R1) that is bounded by the curvesc = 3 andβ2 = 0 and where the two inequalities in (54) are satisfi
It is seen that asW is decreased, the curve (H) tends towards the boundary (C) for whichβ2 = 0. For relatively smallW and
beyond a some critical value, (H) is situated in both sides of (C). WhenW is further decreased the Hopf bifurcation thresh
finally stands out ofR1 asW → 0. This suggests that the Weber number must exceed a certain minimum value (Wm) for a
Hopf bifurcation to occur. This minimum is obtained for each cotθ/R by imposing that equationsβ1β2 = δβ3 andβ2 = 0 hold
simultaneously. Sinceβ3 �= 0 whenβ2 = 0, it follows that δ = 0. The elimination ofc between these two conditions allow
to express the minimum Weber number as a function of cotθ/R. Fig. 6 shows that there is discernible difference between
present model and that of Lee and Mei [27] who found that a more importantWm is required to destabilize the fixed point v
Hopf bifurcation. MultiplyingWm by R/3, one obtains the minimum modified Weber numberW ′

m for the Hopf bifurcation
to occur. Indeed, for small to moderate values ofR, W ′

m also is small and the occurrence of this unphysical frontier in
parameter space is not important since the whole long wave strategy is no longer valid. The presence of this minimum
could be significant in the limit of largeR and therefore constitutes a defect of the model. This unrealistic phenomen
related to the degeneracies of the system (48) coming from the possible cancellation of the denominatorδ. It is revealed only
by third order models incorporating inertia forces in the normal direction and could be cured by including higher orde
In order to anticipate the effects of the various parameters on the appearance of complex attractors by a numerical p
the qualitative properties of the eigenvalues are shown by theirlocation in the complex plane through Figs. 7. The distribution
of the eigenvalues shows that complex dynamic may occur by crossing the Hopf bifurcation curve. In order to illustrate the
role of W andR, typical values of these parameters are chosen to calculate the eigenvalues for various domains of theθ/R

versusc plane. The range ofc is betweenc = 1 and another limit (of approximately 8.8) given in Fig. 4. Whenc lies above
this upper limit, neither Hopf bifurcation nor heteroclinic orbits are possible whereas forc < 1, only the fixed pointsH1 exists
which does no longer undergo Hopf bifurcations. Fig. 7(a) depicts the qualitative properties of the eigenvalues forW = 1 and
R = 10. It shows that forch(cotθ)/R < c < 3 wherech indicates the critical value ofc for the Hopf bifurcation to occur a
some given cotθ/R, the fixed pointH1 is stable whereas the fixed pointH2 is unstable. Since no singularity intrudes betwe
them, a heteroclinic orbit arising fromH2 and joining it toH1, is therefore possible. By increasingc, the fixed pointH1 loses
its stability whenc crosses the critical valuec = 3 and may undergo a transcritical bifurcation ifc does not exceed the singul
value ofc which is of order 3.4 in the present case. When the Hopf line is crossed by decreasingc, a limit cycle bifurcates from
the fixed pointH1, which in turn may undergo further complicated bifurcations ifc is decreased again while remaining abo
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e

c

art of the
Fig. 5. Effects of the Weber number on the Hopf bifurcation threshold in thec versus cotθ/R plane. For a Hopf bifurcation to occur, the valu
of c for a given cotθ/R must be greater than that given by the curve (C) corresponding toβ2 = 0.

Fig. 6. Minimum Weber number for a Hopf bifurcation to occur from theNusselt flow. The model does not predict the occurrence of a periodi
flow if W < Wm .

the limit c1b determined by the boundary (B). Besides the singular straightline (D) corresponding to the vanishing ofδ(1) for a
fixedW , the Hopf line (H) and the transcritical bifurcation threshold (T), we have also drawn:

(i) the curve (S), in the case of a saddle focus fixed point, along which the sum of the real eigenvalue and the real p
complex ones vanishes; this curve referred as Shil’nikov boundary is described by the relation:

2β3
1 + R2δ(1)

[
β3δ(1) + β1β2

] = 0. (55)
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Fig. 7. Effect ofW andR on the qualitative properties of the eigenvalues of the Jacobian matrix and location of the Hopf line (H), Shil’niko
line (S), line (B) separating saddle spiralsfrom saddle nodes, straight lines (D) and (T) corresponding respectively to the singularityδ(1) = 0
and to the transcritical bifurcation. (a)W = 1,R = 10; (b)W = 1,R = 100; (c)W = 5,R = 10; (d)W = 5,R = 100. The upstream fixed poin
is linearly stable in the region (R1) between (T) and (H).

Crossing this curve may lead to homoclinic chaos according to the Shil’nikov theorem which stipulates that the exis
a homoclinic orbit generated by a saddle spiral fixed point implies the existence of nonperiodic trajectories if the ma
of the real part of the complex eigenvalue is smaller than the magnitude of the real eigenvalue. Let us recall that a ho
orbit occurs when the trajectory that spirals out (or in) on the manifold spanned by the eigenvectors corresponding to
of complex eigenvalues eventually joins the trajectory coming into (or out of ) the fixed point along a direction transvers
spiral manifold.
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Fig. 7. Continued.

(ii) the boundary (B) separating saddle spirals from saddle nodes and along which two eigenvalues coalesce on the
This property allows to represent it by the equation:

4R2
(

β2
1

R2
− 3δ(1) β2

)(
β2

2 − 3
β1β3

R2

)
− (β1β2 − 9 δ(1)β3)2 = 0. (56)

Crossing this curve may also lead, in some conditions, to Shil’nikov chaos.
We observe that Shil’nikov homoclinic chaos may occur in the whole region between the curves (H) and (B) si

Shil’nikov criteria is always satisfied here due to the curve (S) does not intersect the curve (B). Figs. 7(b)–(d) display
Reynolds and the Weber numbers act upon the qualitative properties of the eigenvalues. The position of the boundary (B)
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seen to strongly depend on the Reynolds number for a given Weber number. The result is the shrinkage of the region where
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complex attractors are possible. Thence, it should be pointed out that chaotic motion may exist in the permanent wave
only a small range ofc, the size of which is a decreasing function ofR at a given cotθ/R. It is seen that asW is increased, a
fixedR, the boundary (H) qualitatively changes little whereas the change is drastic on the value ofch and on the curve (B). We
note again that for the present cases there is no singularity between the stable and unstable fixed points. This means t
heteroclinic orbit may therefore connect these fixed points when the transcritical value ofc is crossed.

6.2. Numerical integration of the traveling wave equation

Here we shall discuss someresults obtained by integrating (48) subject to appropriate initial conditions onH. These
conditions were varied by superimposing an arbitrary small perturbation of magnitude of about 0.1% to the Nusselt
The integration is achieved by use of Maple 8 software library. Each run is pursed for sufficiently long time until the traje
finally settle down on the attractor. We restrict our attention to the presentation of sample results, forW = 1 andR = 10.
These are not exhaustive but provide a same qualitative picture of model behavior in certain regions of(W,R) space. As it
is mentioned previously, the linear stability analysis also suggests to take the inclinationθ so that 0� cotθ/R � 6/5. It was
confirmed, through numerical experiments, that no nonlinear attractor exists when cotθ/R > 6/5. In order to illustrate how the
behavior of solutions changes by continuously changing the wavespeedc, we first consider the transcritical bifurcation fro
H1 to H2 when the critical wavespeedc = 3 is crossed. Hence, a smooth connection may join the two fixed points pro
that c remains below its singular value. In Fig. 8, we give the shape of the surface whenH1 corresponding to a heteroclin
orbit going fromH1 to H2 for cotθ/R = 0.2 andc = 3.1. Similar results were obtained for other values of cotθ/R andc. In
accordance with the predictions of the linear analysis, there is no smooth heteroclinic orbit beyond the singular valuec. We
now consider the more complex dynamics resulting from the first symmetry breaking via Hopf bifurcation. In order to illustrate
the main features of the bifurcation scenarios beyond the Hopf thresholds we shall present attractors obtained for som
values ofc and cotθ/R. In the case of cotθ/R = 0, the fixed point first undergoes a Hopf bifurcation atc1 = 2.0701, this
generates a limit cycle whose period is of orderT = 7.6. Whenc is decreased again, the limit cycle increases its amplitude
wavelength until a second critical valuec2 = 1.9618 is reached, where another limit cycle of period 2T takes place. Instea
of a single maximum and single minimum the signal contains two maxima and two minima. Solutions remain 2T periodic as
the phase velocity decreases until a further period doubling bifurcation occurs at approximatelyc3 = 1.9425, the solution now
being periodic with period 4T and the signal containing four maxima and four minima. It has been established by decr
further the wave speed that a period doubling route to chaos is dictating the dynamics according to the Feigenbaum

Fig. 8. Wave profile corresponding to hetero-
clinic orbit joining H1 andH2 and obtained for
W = 1,R = 10, cotθ/R = 0.2 andc = 3.1. The
prescribed initial conditions areh(0) = 0.0001,
hξ (0) = 0.001 andhξξ (0) = 0.001.

Fig. 9. Global bifurcation diagram showing the local maximahm

of the wave profile plotted against the wave celerity in the case of
vertical plane forR = 10, W = 1. This illustrates the period doubling
bifurcations leading to chaos.
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Fig. 10. More and more complex solitary waves leading to homoclinic chaos are obtained by decreasing cotθ/R and c (a) cotθ/R = 0.4,

c = 2.294971796, (b) cotθ/R = 0.30, c = 2.20949805451, (c) cotθ/R = 0.25, c = 2.1577077995, (d) cotθ/R = 0.20, c = 2.110098. The
prescribed initial conditions are:h(0) = 0.001, hξ (0) = 0.01, hξξ (0) = 0.01 for the cases (a), (c), (d) andh(0) = 0.001, hξ (0) = 0.001,
hξξ (0) = 0.01 for the case (b).

Table 1
Successive bifurcation points compared with thoseobtained from the models presented in [26] and [27]

c c1 c2 c3 c0 c∞
Present model 2.2060 2.1806 2.1751 2.1745 2.120805078
Nguyen and Balakotaiah [26] 2.4400 2.3044 – 2.2496 2.219249700
Lee and Mei [27] 2.2824 2.2581 2.2545 2.2536 2.198575538

These results are summarized in Fig. 9 which displays the bifurcation diagram representing the maximal wave ampl
function of the wave speed. The periodic character of the wave is preserved by decreasingc until the critical valuec0 = 1.9371
is reached. Decreasing the celerity further causes the waves to lose their regularity and degenerate into chaotic attractor u
another critical valuec∞ = 1.8639 is reached. Beyond this limiting value, the solution become unbounded. It can be seen f
the computed values of successive window lengths that our results are consistent with the Feigenbaum universal t
testing the model, we compare in Table 1 the successive bifurcation points with those given in [26] and [27] for the sam
parameter values, namelyR = 3.8 andKa = 22. Further calculations were carried out for various cotθ/R. First of all, we note
that beyond the first symmetry breaking, the amplitude and the wavelength of the resulting limit cycle grow with cotθ/R. We
found again that reducingc for various cotθ/R leads to other bifurcation scenarios. Figs. 10 show attractors constituted
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series of solitary waves forming a train of periodic waves with very long periods, obtained for some values of cotθ/R andc.
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These waves are characterized by one or more prominent peaks, a gentle slope at the upstream side and a steep wave fron
to gravity and preceded by capillary ripples. These peculiar forms suggest near homoclinicbifurcations. The orbits slowly ris
from H2, wind one or several times aroundH1and then return toH2. By decreasing cotθ/R , the dynamics becomes more a
more complex and homoclinic chaos is expected by further decreasing of cotθ/R.

7. Concluding remarks

The main contribution of this paper consists in the incorporation of third order terms which should be taken into a
for consistency, in the range of small to moderate Weber numbers. Neglecting these terms, particularly in the high R
number range amounts to inconsistently omitting some second order terms in the dynamics of the film flow. The efficiency a
accuracy of the model are illustrated by comparing the linear stability results with those given by some recent model
OS equation. The ability of the model to follow quite closely the numerical results given by the OS equation is due to a
choice of the parameterα introduced to describe the second order departure of the velocity profile. Improvements
significantly in the limit of small Weber numbers corresponding to inertia dominated regimes. The nonlinear aspects o
flow are then examined by using a simplified version of the model that however retains its main features and by con
asymptotic states characterized by waves of permanent form. In the relatively limited subspace of parameters we have
the solutions exhibit the same qualitativebehaviors as those given by other authors. Quantitatively, some differences are fo
and deserve to be reported. For example it is found that the predicted minimum Weber number for a Hopf bifurcation to
approximately 30% less, and therefore closer to reality, than that given by Lee and Mei [27]. The occurrence of this thre
no importance for small to moderate Reynolds numbers since thelong wave assumption is no longer valid but rather constitu
a shortcoming of the model in the limit of large Reynolds numbers; this may be cured for instance by the inclusion o
order terms.
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