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Abstract

An accurate modeling of a wavy film flow down an inclined plane is developed using the weighted residual technique which
was first proposed by Ruyer-Quil and Manneville [Eur. Phys. I582000) 357]. The modéncludes third order terms in order
to better capture the effects of small Weber and high Reynolds numbers. This is made possible by an appropriate refinement of
the velocity profile. To this end, a free parameteacting on the flexibility of the velocity mifile is introduced. It is shown, from
linear stability analysis that the model follows quite closely, for a suitable choiag thfe Orr—Sommerfeld equation for all
Weber and Kapitza numbers. The improvement is of course more substantial in the inertia dominated regimes. Some prominent
qualitative and quantitative characteristics of traveling wave solutions are then derived from a simplified version of the model
that is before hand converted into a three dimensional dynamical system.
0 2004 Elsevier SAS. All rights reserved.
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1. Introduction

The problem of thin viscous film flowing down an inclined plane is relevant to a broad class of natural phenomena such
as gravity currents (rain streaming down the wall, river and lava flows . ..) and engineering applications ranging from process
equipment for heat and mass transfer to chemical readisré.is emphasized by Kliakhandler and Sivashinsky [1], a film
flow is one of the most experimentally accessible example of thiagntally unstable extended system. For these reasons and
because it both exhibits a rich dynamical phenomenology and offers a relatively simple basic solution to analyze the bifurcation
phenomena encountered in more complex situations, this problem has been the subject of intensive studies dating back to
Nusselt’s paper [2]. We will see that exactly three independent basic parameters appear in the dimensionless equations of the
problem; in addition to the inclination angfewhich accounts for the effects of gravity, one can choose, e.g., the Reynolds
numberR and the Weber numbeiv which respectively give the relative importance of inertia and surface tension effects
compared to viscosity ones. In some range of these parametpesireents have revealed that film waves often exhibit a large
spectrum of wave amplitude, wavelength and wave speed. These waves emerge first as short periodic, near sinusoidal waves, in
the inception region and may evolve into a highly irregular state over a long distance and time. As described by Chang [3] and
reported by Oron and Gottlieb [4], a general scenario of formation and evolution of naturally excited waves consists of some
main stages including: (i) downstream amplification of a disturbance to form a one humped wave, (ii) saturation of the wave
to a finite amplitude structure, (iii) self organization of the pattern into lumped solitary waves, (iv) amplification of transverse
disturbances to form an essentially three dimensional pattern. These stages were also observed in experiments by Gollub and
co-workers [5-7]. In fact, the final pattern selection depends on the flow parameter set. For moderate Reynolds numbers,
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the asymptotic state is dominated by long solitary waves regardless of initial disturbances. These solitary waves have many
distinctive properties among which is the existence of a characteristic wavelength between solitary like pulses which is much
larger than the film thickness. Kapitza and Kapitza [8] were the firsts to characterize the wave structure on the film surface; they
reported the formation of two types of waves when pulsations are imparted at the inlet of a vertically falling water film. The first
one is a wave train of nearly sinusoidal pattern produced by a small amplitude and high frequency forcing and which propagates
downstream without chrging their slope and speed appiably. The second one is solitary waves which can be observed
immediately without an incipient region, when the perturbing pulses are strong and less frequent. Liu and Gollub [6] observed
that small amplitude sinusoidal waves at the entrance can evolve rapidly into solitary pulses (within 20 cm for a vertical film);
the characteristics of the waves can increase downstream by nearly one order of magnitude after the transition to solitary pulses
that subsequently destabilize up to developed space time chaos. In Liu et al. [5], unstable periodic waves were tracked until they
developed spatially chaotic structure gigbharmonic bifurcations and side bandatmlity depending on the forcing frequency.

The phenomenon of period doubling was also observed by Brauner and Maron [9] without artificial perturbations.

From a theoretical viewpoint, a great deal has also been learned about the onset of waves and their weakly nonlinear
evolution since the works by Benjamin [10] and Yih [11]; They computed, by performing a long wavelength expansion of
the Orr—Sommerfeld (OS) equation, neustbility curve and found #it the condition for the flat ation to be unstable is
R > % cotd. This means that at sufficiently large Reynolds number, gstatilizing effects of in¢ia overcome the stabilizing
influence of gravity. It is worth noting that the critical condition does not involve the Weber number since the surface tension
forces are negligible in the limit of large wavelength disturbances. Itis also known [12,13] that the instability may manifest itself
as relatively short shear waves for small gravity effects and sufficiently low surface tension. In this case, the critical Reynolds
number is found to be a nonmonotonic functiordadnd W. In order to determine the nature of interfacial instabilities, Brevdo
et al. [14] have examined the dynamics of wave packets by solving the linearized Navier—Stokes equations for spatially localized
disturbances; they showed that the flow over inclined planes is convectively unstable at least up to very large Reynolds numbers.

While linear analysis is a powerful tool to locate the bifurcation points as well as to predict qualitative characteristics
of developing digtrbances, it does not provide any quantitative infation about the fully developed region far away from
the inlet where nonlinearity dominates the wave system. In omlacturately describe certain special situations (as in, e.g.,
stationary states), the impact of nonlinearity must be considered. This can be achieved within the full Navier—Stokes (NS)
equations. Unfortunately, these equations are not amenable to analytical investigations and their numerical integration in the
presence of a moving boundary is a notoriously expensive task. For this, they are generally restricted to relatively small Reynolds
numbers. For instance, finite elements were used by Baghvdladsen [15] and by Khédwgi and Scriven [16] who found
stationary solitary waves on a vertically falling film respectively in the ran§e<2R < 25 and forR < 10. The highly nonlinear
character of the phenomena has also motivated several approaches: perturbative expansions, normal form analysis and boundary
layer theories, all derived from the NS equations under certain assumptions.

The common feature of all these models is that by taking advantage of the smallness of certain parameters and by focusing on
particular regimes, the dependence of the cross wise coordinate is eliminated, thereby providing a substantial simplification [17]
of the problem. The first, the simplest and the most commonly used nonlinear model was derived by Benney [18] by introducing
a long wave parameter to expand the full hydrodynamic equations, with the assumptionsitatd x2W are O(1). This
led to the so called Benney equation (BE), which describes the film flow in terms of a single evolution equation for the free
surface shape. Oron and Gottlieb [4] showed, by comparison with a direct numerical simulation of the basic equations, that the
validity range of the BE is limited to a small vicinity of the critical Reynolds number. Its solution significantly deviates from the
numerical one and developed a finite time siagiy at some distance beyoride stability threshold deéte the regularizing
effect of the surface tension. This behavior was first noticed by Pumir et al. [19] and further studied by Rosenau et al. [20].
The long wave assumption allowed the derivation of other celebrated models like the Kuramoto—Sivashinsky equation [21],
the Kawahara equation [22] and their variants as for instance the regularized model proposed by Ooshida [23]. Quite recently,
Panga and Balakotaiah [24] proposed a new evolution equation by means of a suitable scaling allowing to introduce some
correction terms that are missing in the long wave equations. Their solutions are, similarly to that of the BE, not satisfactory
far from the onset of instability. The failure of these long wave models, based on a single evolution equation for the film depth,
is partly due to their incapacity of capturing all of the inertifeefs. For this a more realistic approach is needed to describe
the film dynamics at moderate and high Reynolds numbers. Such approach is firstly proposed by Shkadov [25] by performing
a depthwise integration of the momentum equation and assuming a self similar semi parabolic velocity profile. Even though
the resulting model, termed thetegral boundary layer (IBL) one, does not exhdniy divergence, it does not predict neither
the stability threshold arrectly, as the BE does, nor the Hopf bifurcatiéuurther developments of the IBL model were done
by many authors. Nguyen and Balakotaiah [26] and Lee and Mei [27] retained more terms in the governing equations but kept
the conventional parabolic velocity profile. Yu et al. [28] used a more general velocity profile than the parabolic one. Taking
advantages of the numerical simulatidrtize linear stability problem, a new simplguation is proposed by Kliakhandler [29].
Ruyer-Quil and Manneville [30-32] derived several models byloiming a long wave expansiand a Galerkin approximation
using specific polynomials as test functions. This techniquesedan the strong cross stream coherence of the flow ensured by
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viscosity. Thus it allows to better capture the viscous effects which are dominant at small Reynolds numbers and thereby yields
a correct condition for thenset of instability. The latter is né¢ved even by using the first bagiolynomial alone. On the other

hand, even if these authors assume the inertia effects to be small compared to the viscous oneskuctfiatheir studies

show remarkable agreement with experiments and numerics up to quite large Reynolds number. Most of the previous studies
are performed in the limit of large Weber number, neglecting the cross stream inertia effects. In situations where the latter are
of comparable importance with the capillary effects such #at O(1), the available results need to be improved. In these
conditions, the long wave analysis remains applicable provided that the Reynolds number is large. Accordingly, large Reynolds
numbers and Weber numbers of order unity will be considered in what follows. In many respects, our modeling strategy parallels
the works by Lee and Mei [27] and Ruyer-Quil and Manneville [31,32]; it consists in expanding the velocity profile on some
basis polynomials and using a refinementtd integral Polhausen—\Von Karman averaging technique. The model still remains
correct in the limit of largeW allowing then to consider small and moderate Reynolds number so long as the pilogst

large in order that the long wave analysis be ensured. In Section 2, we first recall the formulation of the problem in terms of its
primary variables, namely the velocity field, the pressure and the free surface shape. A third order system is then obtained by
applying the long wave expamsi. The Galerkin procedure is outlined in 8en 3 where four coupledquations are derived

for the spatio temporal evolution of the fluid depth, the flow rate and two other relevant variables. The linear stability of these
equations is carried out in Section 4; this leads to the dispersion relation from which the marginal stability curve is obtained. At
marginality an unstable disturbance has the character avapacket around the most unstable mode which moves at its group
velocity and spreads while it grows. Of particular interest is the special case when the group and the phase velocities coincide.
This happens under suitable conditions, when the squeeze taalinearity is balanced exactly the expansion due to the
dispersion, leading to spatially localizedhves that propagate with constant \iies and undistordedhapes. Looking for

the limited but important class of these disturbances, allows to turn the set of partial differential equations into a dynamical
system parametrized by their celerities. This question is examined in Section 5 by means of the simplest model resulting from
a parabolic velocity profile. The problem is firstly converted into a three dimensional dynamical system with the film depth
and its derivatives with respect to the comoved coordinate being the state variables; it appears as either a nonlinear eigenvalue
problem when boundary conditions are présed at both upstream and downstreanfinities or as an initial value problem

when no downstream behavior is required for the traveling waves. Here, we are just interested in the latter case where the wave
celerity, considered as a free parameter, plays a fundamental role. Some concluding remarks are finally given in the last section.

2. Problem statement

Consider a thin liquid film flowing down an inclined plane making an arfgleith the horizontal under the action of
gravitational fieldg and surface tension. The fluid motion is referred to Cartesian coordinates system in whichk toes
coincides with the inclined bottom from which tlecoordinate is counted normally. A schematic drawing of the film flow is
shown in Fig. 1. Denoting by2 () the domain occupied at tinreby the fluid, the governing equations are:

Vi+ (V- V)V=—Vp/p+vVZv+g inQ), (1
V.v=0 inQ(@), 2

Fig. 1. Schematic picture of a film flowing down an inclined plane.
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wherev = (u, v) is the velocity field,p is density, p is the pressurey is the kinematic viscosity an® (1) = {(x, y),x € ",
0 <y <h(x,1)}; h(x,t) is the local depth of the liquid layer. The above equations must be solved subject to:

— the no-slip condition at the bottom
v=0 aty=0, (3)

— the kinematic condition which states that the free surface is advected by the fluid
hy +uhy =v aty=nh(x,t); 4)

— and the dynamic free surface condition which espes the equilibrium of all forces acting on a unit area
T-n+o(V-nn=0 aty=~h(x,1), (5)

whereT is the stress tensor amds the unit outward normal vector to the free boundary
n= (L —ho)(d+hy) 2 ©6)
Subscripts denote partial derivatives. There exists a well-known time independent solution, referred as the Nusselt solution

for the system of Egs. (1)-X5The Nusselt film thickness is constant and the only nonzero component of velocity is the
streamwise one. It only changes across the film and is givendoy g#(hjvy - y2/2). The corresponding depth averaged
velocity and flow rate are respectivelyy = gsinehlzv/3v andgy = hyuy. Accordingly, only one of the two parameters,
eithergy or hy may be free, leading then to two physical situatiorise Btability of the Nusselt dation is being considered

here within the long wave assumption. To this end, we first write all governing equations with normalized variables by using the
following scaling factors: the streamwise coordinaie scaled by a characteristic wavelengtand the normal coordinaieby

the Nusselt film thickness. The velocity componenendv are referred ta y and touu y respectivelyu being the longwave
parameter: /L. The time and the pressure are in unitslofuy and pvuy /uhy respectively. After being simplified by
dropping the terms that are of ordef or higher, Egs. (1), (2) acquire the following dimensionless form:

ux +vy =0, ©)
Du 2
R/LE—I—px:S—i—VMu, (8)
Dv
Ru?’E + py = —3ucotd + u2uyy. ©9)

The boundary conditions are:
— at the bottom:
u=v=0; (10)

— at the free surface:

v=h;+uhx, (11)
uy + Mz(vx —4uxhy) =0, (12)
p— 2/L2vy + RW,u3h” =0. (13)

In the above, operator®/Dr and Vﬁ indicates the total derivative with respect to the time and the normalized Laplace

operatomzaf + 8)2,, R=uyhy/vandW = 0/(pu]2VhN) indicate the Reynolds and Weber numbers respectively. The Weber
number is thus defined in terms of the ratio of the pressure drop due to surface tehsjprand the dynamic pressuwlz\,.
Another formulation of the Weber number exists compariti¢ y to the hydrostatic pressure drpg#h  sind across the fluid
layer (W' = (r/pghjzv sing) such thatW’ = WR/3. Integrating the incommgssibility condition (7) ovethe film thickness and

using the kinematic condition (11), one obtains:
qx +ht =0, (14)

whereg (x, t) = fél udy is the flow rate, one of the most important variable of the problem.
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In the same way, the integration of themomentum equation combined withetfboundary cornitlon (13) provides the
pressure field;

h
3| [Dv 2
p(x,y) =3u(h —y)cotd + Ru Edy_thx — u(uy +uxlp). (15)
y
Differentiating this equation with respect.toand using Eq. (8), yield:
h

Du ad Dv
uyy + 3(1 — uhy cotd) — RME + Mz(zuxx + (Mx|h)x) + RMS[thxx T ax / D dy:| =0, (16)

¥
where the pressure is eliminated ang: — joy uyx dy. The previous system is thus reduced to the single equation (16) subject to

the adhesion condition at= 0 together with the condition (12). The expression (15) shows Whatompares the pressure
induced by surface tension to the cross stream effBatgDr. Therefore, the latter should be kept for consistency when

W = O(1). On the other hand;,LZW/ appears in Eq. (16) such that it compares the pressure grddigntgenerated by

surface tension to the stream wise gravity forég 8ot9. The balance between these two effects is precisely the mechanism
that generates the capillary-gravity waves preceding the wave front and that, consequently, prevents the wave from breaking.
Therefore, the long wave expansion requivésto be large. Situations can effectively be found white= O (1) so that cross

stream momentum term3v/ Dt should be taken into account amd sufficiently large for ensuring the long wave analysis.

These situations correspond to large Reynolds numbers.

3. Method of solution

The velocityu(x, y, t) is expanded in a self similar manner such that the boundary conditions are satisfied
u(x,y, t) =Skg(x,y,t) +alx, )iun), 17)

whereS (x, y, 1) = Y ga (x, Dug (), n=y/h(x, 1) anduy () = n* 1 — {5542,

We observe tha%"u = 0; for this reason an appropriate teerx, 1)ii(n) is added to the serie$g (x, y, r) to take into
account the deviation of the velocity profile induced by tioauniform condion (12). The polynomial xpansion is truncated
to some sulfficiently high ordek to insure resolution of effects due to steep gradients. The polynartyalwill be specified
later and a Galerkin projection will be used to determine the equations for coeffigjerBgfore all, it is to be noted that the
crudest approximation is witk = 0 anda = 0, which reduces to the parabolic model. The particular agse constant gives
the flat solution. Coefficients;, k > 1, emerge owing to the deformation of the free surface. As a result, it can be shown by

successive differentiation of (16) with respectytthat these coefficients are at least of one order.ithis property is turned
to account by rewriting (17) in the form:

u(x,y, t) = u©® —I—p,u(l) + ,uzu(z). (18)

It can be shown from (16) thatDis at most a sixth order polynomial sing€ is a second order one; this means tifdt
is determined by at most four fields, .. ., as. In fact, Ruyer-Quil and Manneville [31,32] showed that only two fields,say
anda are required to describe the first order correcii6h. The two other coefficients;3 anda, are enslaved ta; andas.
Indeed, by neglecting second order terms in Eq. (16), one obtains:

| —Ru( = +ulh— ) —=—| . n=35 (19)
ay"m |y ot ax ) dyn=2 |,

which gives:
3, 5,@ @
9 u3 _d u5 =0 given that W= o (20)
ay° |n ay° |p ay |p

Taking this into account, the correctiait may be written:
u® = agiiy + agiip, (21)
whereii1andiip are linear combinations dfi1, up) and(u1, us, ug) respectively; hence:
9"y "o
N PO

—0, n=135. (22)
h
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Notice that, by the implicit notational change introduced by (18), the coefficigneda, are accordingly of zeroth order
in .. Now, let us examine the second order correctiéf. First of all we notice that it is at most a tenth order polynomial
since the second order inertia term is a polynomial of degigl# eésulting from the interactiobetween zeroth and first order
solutions. Hencey® may be written as follows:

u@ = boug + - - + bgug + aiu, (23)
whereu is an additive polynomial such that:

dul g (24)

87] 77:1

Requiring the fulfillment of (12) and taking advantage of (24), one finds:
a= h(4u§(0)hx — v)(co)). (25)

This means that nine fields), . . ., bg are a priori required to describe the correctiéR . In fact, this number can be reduced
by examining the successive odd derivatives @, with respect toy, evaluated at the free surface. To this end, we begin by
differentiating (16) with respect tp. Ignoring third order terms yields:

3%u 9 9 du du
— =Ru<—+u|h—>—— — ol (26)
9y |p ot ox ay |y ay |p
which, owing to the boundary coitdn (12), and removing agaithird order terms give:
53, 3 ()]
u3 ’ — _p%xx | 27)
y n 3y |p
This condition finally reads:
33 ap ,,. 2 hy
3= zﬁ(%x — hhyy) — 4a0xﬁ. (28)
Pursuing the differentiation of (16) and continuing to ignore third order terms, we are led to:
B 2.3.4 29
oyl |, 70 n=234 (29)

This means that, when evaluated at the free surface, the fifth, seventh and ninth derivatives of the second order correction
are equal to zero. The constraints (29) together with (28) allow to reduce to only five the number of independent coefficients in
the sequencey, ..., bg. So (23) becomes:

u® =blug + - -+ + bjuy + ai, (30)

whereul = ug, uj, ..., u} are linear combinations dfty, uz), (u1, u3, ua), (uy, u3, us, ug), (u1, u3, us, uz, ug) respectively.

Thus, a full third order theory would require the use of all the fieﬂgl,s . .,bfl in addition to the unknowrmg, ay, ax andh.

However, in order to reduce the analysis we will restrict our attention to a relatively simple approximation which consists in
representingt(z) by the sole termaiz in (30). The calculation becomes then straightforward and essentially the same as in the
second order theory since the truncation avoids precisely the introduction of additive fields. Besides the great simplification this
truncation provides, the main advantage it also presents isiiity & accurately describe the itability threshold by properly
choosing the polynomial. Before doing this, we first substitute to the basisan orthogonal one, in the sensel(0, 1). The

basic idea dictating the choice of the latter, naggdis identical to that for the second order theory, i.e., in order to conveniently
implement the Galerkin procedure. Thence, we will writie the form:

u = apgo + (1(arg1 + dzg2) + nla(n + g3), (31)
where
_ 15 o W1, T3 T4
go(m) =n 51 g1(m=n 5" +3n "
13, 573 111, 995 33 4
=n—n°+ - ="+ =n°— =0, 32
g2(m =n AR g Tl 35" (32)

g3 is a polynomial of degree eight such ’[h@(%gi l[;=1 = 0; so it may be put in the form:

g3 =080 + @181 + 0282 + aug. (33)
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Using orhogondity of g3 + n to the subspace spanned &y, g1 and g, allows to eliminatexg, o1 andas in favor of o
and defineg3 as a one parameter family of polynomials of degree eight.

() = 53 +25 o0 + 9 +9 - 113 +299 o+ 7 T3 (34)
83U ="\ 528" T 13 )80V T\ 26" T 8 )51 T \ 192" T 256)52 7 T 8" )
The optimal value of which generally does not provide the simplest polynomial will be specified later from the numerical

tests. Instead of the fieldg), a1 anday without direct physical meaning, we introduce the flow rate and its corrections noted
s1 andsj by the following transformation [31]:

ao=3¥, al=45%1, 52=210%2. (35)

Now, we apply the Galerkin weighted residual procedur€l6). Then requiring the drbgonality of the redual to the
basis functiongg, g1 andg,, one successively obtains:

g — 51 — sor + Q1(q. h, 51, 52) + 1301(q. h, 51, 52) =0, (36)
511+ S1(q. h, 51, 52) + 1351(q, h, 51, 52) =0, (37)
s+ S2(q. h, 51, 52) + 11352(q, b, 51, 52) = 0. (38)

The first equation can be rewritten in a more convenient form by eliminagingndsy;,; this gives:

@ + 02(q, b, s1,52) + 1302(q, h, 51, 52) =0. (39)

(Q1,---» @2) are differential operators; their explicit form is omitted here and given in the appendix owing to their excessive
length. Egs. (37)—(39) are naturally completed by the conservation equation of the flow rate (14). We r@g ﬁieand §2
involve corrections due to inertia terms in proportion with. Neglecting these terms and performing the transformation
(t.q.51.52. R, W) — (31,34, 351, 352, 3R, 9I") on Egs. (37)—(39) allow to recover Egs. (11)-(13) given in [32]. Let us now
examine the implications, on the linear stability of the flat solution, of these additive inertia terms whose relevance is obvious
when working with large Reynolds numbers.

4. Linear stability results

We further consider the stability of the basic flow against two dimensional small disturbances. Linear stability analysis
is useful to determine the most unstable mode, to locate the onset of instability in the parameter space as well as to
predict qualitative characteristics of developing perturbations. If we assume that the free surface is weakly deformed, i.e.,
(g, h,s1,52) =(1,1,0,0) + (cj,fz,sl,sz) with |g], |fz|, ls1] and|s2| <« 1, the foregoing set of equations can be linearized.
Therefore the normal mode representation that consists in seeking the disturbances in the wave like form, i.e., proportional to
gkx—o1) can be applied. The exponemsandk are complex; their imaginary part describes the temporal and spatial growth
rate of the disturbances while their real part gives the wavenumber and the frequency of the disturbances. The condition for a
nontrivial solution to exist is thab andk must satisfy a dispersion relation we put in the form:

8
D Akl =0 (40)
j=0
with:
5. 15 25 2
A0=——iw——Ra)2+—iR2w3+—R3w4,
2% 13 429 3861
15 435 245 5 , 2 54
Ar= S+ gRe = g7 R = oo™
A —500t9 249R+ o 2Rcot9+ 7340R2 i+ 359R 3 R200t9+ 34 R3 ) w2
273 143 2 13 39039 )¢ 1456 2002 13013 )¢
L2027 005 [ 4L 472 5 2200 5 g 773 4567 34
&l —5iw— - :
864864 1377 16016~ " 142144 © T\ 5765760 11130799680 )"

Az=(6+ 152 1 cotg — 984 2 i+ 12205R+ 8 R2cotg 184 3 3439 22,2
3= 1001 13013 24024 ' 3003 143143 )“ 524160
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|:12 2512 ( 9041 132443 ) 2 2 < 23479 5121049 ) 3 3]
R R + R ,

13 3003~ \ 1241447 3710266566 )" 34594560 2018385008648

+
5 30993 74 24 4 2 4591
5 WR — R>+ | —5zW

PR —— _R2cotd 20— —— WR3w?
128128 65065 * 143143 39 +780780>| = 2002" " ¢

71601 4 72595 6 108579 14392471 .
—— R+ —cot) — ———iw — ——IiRwcotl +

Ag=

128128 3 219648 1001 1281280+ 96113571840 !

(7799 4567 ’ 24827783 4998239 3,2
5031936 ' 51397632 19788088320 807354003456

n 1445 n 4567 i R2,,3
2306304 8904639744

152 iR2 1773 iR + j + iR cotd
3003 1041040 9009 878592 = 3003

(16655 150869 ) 2 (4552231 3032121773 )

WR3w + ¢

406907, 13
Ag = |:

439296 1045524480 )" 36900864 6458832027648
136693 408517 s 4517441 190633537  \. , o
<_ 137417280 54664593984 > - (1798917120+ 10495602044928%>'R ]
YR [4 Wi 8 ( 9167299 2171260541 )
195105 39 1001°° 105431040 4305888018432
386041 182999 s 2 ., 2573
<1374172800_ 48590750208 ) ~ 1001 K@

1001 294208"
( 25873069 2261602009 ) ) < 4133 4567 ) 2]
Rew — Ro

7915235328+ 4618064899768320 ! 5765760Jr 1712430726
ar—e| 23 wirz 4 i+ (_ 28982399 n 4991070473 )i >
| 9009 1153152 21107294208 3078709933178880
118721 32575837
(54512640+ 2498952867848) ]
[ 2 217361 474156721
| 1001 (133253120’L 3498534014976%) ]
Notice that the parameter is dropped by rescaling the streamwise coordinatesatd 1) is introduced to locate the terms
proportional top3. For easier comparison with previous results, e.g., those in [32], the velogityst be rescaled by the
velocity at the interface. Accordingly, the transformatien R, W) — (%w, %R, 2 W/R)is required. Then, comparison of (40)
with the relation (19) given in [32] shows that all the terms are identical, except those involving thesfaldber marginal state
is obtained from (40) by setting lmm= Imk = 0. Then, splitting the result into real and imaginary parts, yields two expressions
for the marginal wave frequeney,, and wavenumbek,,, we formally write in the form:

(13, 8363

cote

F1<wm7km»R,W, T)ZO’ (41)
cotd

F2<a)m,km, R, W, T) =0. (42)

Eliminatingw,,, from these equations allows to express the marginal wave nutpbas function of the relevant parameters.
The critical conditions for the onset of instability are then obtaingd= k. =0, R, = gcote and the critical wave celerity
is ¢g = 3. All disturbances are stable faR < R, and for R > R, a marginal curve exists which separates the damped
eigenmodesk > k;;,) from the unstable ong& < k;,). At marginality, the spatial and temporal modes coincide and the spatial
growth of a mode is related to the temporal growth by the group velocity, = (3(Rew)/d(Rek)),, not the phase velocity
(em = om/km). On assuming that the dispersion relation (40) giweas an analytic function of, the Cauchy—Riemann
conditions yield along the marginal curve:

(ce)m = Re(dw/dk) . (43)

It is relevant to mention here that these two velocities are equal in the more restrictive case where the modes are of the
traveling wave type. Beyond criticality®R > R.), a disturbance has the character of a wavepacket, around the most unstable
mode, which moves at its group velocity. It spreads while its amplitude grows to a size sufficient to excite nonlinear interactions
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between the other components; thesenattions then retard the exponential wgtlo until, finally, a new flow sets in. In

view of the comparison to be made with the asymptotic solution of the OS equation, let us consider the temporal stability
(i.e., k is real andw is complex) near criticality. Then, expandirgin powers ofk and performing the notational changes

(w, R, W) — (3w, R/3,9W/R) in the dispersion equation (40) yields:

2 1 L, (10 4, 5

—k+(SR—Zcotd )ik2+ (=Rcotd — R — 1)k

@ +<5 3 )' +<21 7 )
471 75872

1 3 2 > 17363 5 3\. 4 5
+< 3W+500t0 15R(cot@) +17325R coto 224R 75075R k" + OKk>). (44)

This equation is nothing but the exact asymptotic expansion of the OS equation that may be found in [30] (Eq. (88)).
We further observe that the parametedoes not appear at the considered ordek.ihet us introduce for convenience the
Kapitza number(Ka = o/pg/3v#3) which is constant for a given fluid. Expressed in termsRofnd W, Ka becomes:
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Fig. 2. Marginal stability curves for the Nusselt flow on a vertical pldrtee marginal wavenumber is plotted against the inverse of the Weber
number for two fluids characterized by their Kapitza numberKgy= 1, (b) Ka= 100. The model follows quite closely the OS equation for a
suitable choice of the parameter(« = 1 for Ka= 1 ande = —5 for Ka = 100) (c) indicates the effects of varyingin the case&ka = 100.
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Ka = W(R5/3)1/3. Recall that we are primarily interested with the particular situations of l&gasd W = O(1), which
correspond to larg&a. Small Kapitza numbers corresponding to snialthereforew must be large) are also considered for
comparison. Fig. 2 shows neutral stability curves obtained from the present model, some recent ones and from the OS equation
for various fluids in the case of vertical plane. It is clearly indicated that the models are all in good agreement with the OS
equation at largéV corresponding to viscous dominated regimes. We observe that the present model follows quite closely the
OS equation whereas the other models diverg# afecreases, i.e., when inertia increases. This agreement is achieved owing to
suitable choice of the parameterdepending on the Kapitza number. Changirgjgnificantly affects the neutral stability curve

for largeKa. This can be illustrated through Fig. 2(c) whesrutral stability curvesorresponding to various are compared

to that given by the OS equation fila = 100; in this case, the best value®f(aop) is around—5. This value is selected in

order that the maximum departure between the calculated valyg aifid that given by the OS equation does not exceed .10
ForKa= 1000 numerical tests give, within the same accuragy; ~ —2. In the range of smaKa, the marginal wave number

is found to be relatively insensitive to changes in the value of this parameter. For example, it is fourghtkat—2, 1) for

Ka = 10 and the influence af is not discernible at all in the case Kf = 1 provided thaix is in the range(—100, 100).

This means that, the relevance of the parametehich is introduced in order to improve the flexibility of the velocity profile
especially appears when inertia effects are important.

5. A simplified model

The model described above by Egs. (37)—(39) is too cumbersome and hardly tractable in the nonlinear case; this limits its
practical usefulness. It is then advisable to abandon it in favor of an appropriate simplified version which takes advantage of
some relevant terms originate from higher inertia effects. A great simplification can be obtained by a direct adiabatic elimination
of the correctionss; ands, in Eqg. (36). This consists in neglecting the temporal and spatial derivatives afd sp, and
assuming that the products gf ands, with the derivatives of; or & can also be neglected. This simplification was introduced
by Ruyer-Quil and Manneville [31,32] and in order to legitimate it, they argued that the relaxation timearafs, are much
shorter than that of the flow rate. Using these assumptions, Eq. (36) yields the following simplified equation:

2 34 Rqqx 18 Rg%hy  Qhyqy 8h2q 12hyxq 9 1
—h+ZRg + — hhy cotd — = — = = — Zgyx — —RhWh
h2 tglart gy, th 3 42 '5 1, 54K 5 h 5T 3 o
R 23 ¢°n3 uw, oo 187 Y +4633 601 683 +1o7h .\
336 h2 140 gxthx 3360‘1‘]xx X 6720‘1‘]}6 xx 2520 qqxxx 2520 hqxqxx 840 qthxx
3_
29
=450
2.81
Cm
2.7
2.6
25 W=5
2.4 r . : r .
u] 0.2 0.4 06 0.8 1 1.2
cotO/R

Fig. 3. Marginal stability curves against disturloas of traveling wave type. The marginal wave celetifyis given as a function of cét/R
for W =5 andW = 50. This illustrates the accuracy of the simplified mode) compared to the complete model (—).
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It is to be noted that this equation can also be obtained in a roundabout way by combining the three equations (37)—(39).
Egs. (37) and (38) serve to express the enslavement ahds, to ¢ and . Their elimination from Eq. (39) then allows to

get Eq. (45). The performance of this model is illustrated thrdeigh 3 where are compared thestéction (to disturbances of
traveling wave type) of its marginal stability curve and that resulting from the complete dispersion relation (40). Let us recall
that for this type of disturbances, the group and phase velocities coincide. Equating them and making use of (43) result in a
relation of the form:

f(R, W, ?) =0. (46)

Then, eliminatingr in favor of W and (cotf)/R allows to express;, as a function oW (or Ka) and(cotd)/R in the linear
instability region. Fig. 3 showthat there is a good agreement between thenwalels. As one would expect, greater is the
Weber number (oKa) better is the approximation.

(45)

6. Traveling wave solutions

In this section, our main interest focuses on studying the asymptotic form of the fully developed state. To this end, we
consider a particular type of wave form that is steady in a moving frame, i.e., that travels at a constant celéhtut
changing its shape. This type of solutiomkich are characterized hizeir celerity exists under suitable conditions, when the
widening due to dispersion is balanced exactly by the narrowing effect due to the nonlinearity. Changing the parmmeter
some range allows to explore the entire spectrum of asymptotic behavior of these traveling waves. For convenience we introduce
the phase variablé = x — ¢t to convert the two equations (14) and (45) into a three dimensional dynamical system. To this
end, let us integrate Eq. (14) once, we obtgis gg + ch with gg being the integration constant which physically represents
the flow rate in the comoved frame. Requiring the condition that the Nusselt flow must be solutioncfatlall's to express
the flow rate in terms of flow depth and wave celerity. Sigee 1 for h = 1 (because of our scaling), one obtain:

g=14c(h—1). 47)
Therefore, eliminating in favor of i, Eq. (45) can be written in a general compact vector form:

dH

— =F(H,P 48

O H,P) (48)

whereH = (h,hg,hgg)f is the state variable vectoR = (W, R, ¢, cotf) is the 4-dimensional vector of parameters and
F=(hg, hee, f/8)" is the corresponding right-hand side vector with

391 173 4

§=05(h)=Wh3— ﬁh 24 m)h clc—1) — —hz( —1)2 (49)
f= —(1 nh2+h+1—c) +h3<1—12(c— 12 + %hc(c— 1)+ 263th 2)

+h§<—(c -+ %m) +he <3h3% -~ 2—:( — 124 Ehc(c -1+ 65h2 2)

+h§§<ih2c - 3—h(c — 1) +he (—2738}1( —12_ ;szohz (c— 1)+ :;goh3c2)> (50)

It is worth noting that:

(i) in addition to the trivial fixed pointH1 = (1,0, 0), the stationary wave solution exhibits another fixed paint =

(%{(40 —3)1/2_13}, 0,0) which does really exist only far > 1; it can only be viewed as an asymptotic part of a localized
disturbance of hydraulic jump type propagating with a celerity

(ii) solving the system (48) therefore requires to specify the asymptotic conditiof§ as co, which may for instance
correspond to either one or the other fixed point. In fact, it will be seen below that a suitable scaling transformation allows
us to fix, without loss of generality, tHéusselt solution aipstream infinity.

(i) when conditions are prescribed ladth upstream and downstream infinities, ave led to a nonlineagigenvalue problem
with the eigenvalue: that has to be found together with the travelingitaoy waves describing the thickness profile. In
order that this type of solution (solitary waves) occurs, the set of parameters must satisfy some eigenrelation.
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Fig. 4. Singular lines corresponding to the vanishing of the denomiaajiven by (49) in the: versusW plane.s(Hy) =0 (-), §(H2) =0 (¢).
Heteroclinic orbits can only occur in hatched regions whenee of the singularities intrude between the two fixed points.

(iv) onthe other hand, the problem also may be considered iastiahvalue problem by prescribg only upstream conditions.
In this context, the downstream behavior is not fixed in advance and become a result that depend on the wave celerity.
Therefore the later may be viewed as a bifurcation parameter for a given set of other physical parameters|airece
determines the second fixed point.

By varying the parameter, the two solution branches intersect each other at the critical vaia@; this suggests the
possibility for the two fixed points to exchange here their stability. Before discussing the stability properties of these fixed
points in the parameters space, it is ingireg to first examine the singularities dfet system (48); these correspond to the
annulation of the denominatdrgiven by the expression (49). Thus, one obtains two singular thicknesses depending only on
the Weber number and the bifurcation parameter

[3360W + 1211c(c — 1)] F 8[W(176400V + 12715%(c — 1)) + 82%2(c — 1)2]1/2

Of course, this kind of breakdown does not occur in practice. Rather, the occurrence of the breakdown must be understood
as a defect of third order models incorporating cross stream effects. Mei and Lee [27] pointed out that this could be cured by
improving the long wave like approximation. For instance, adding fourth order terms these authors found that the singularity
occurs either for a dry bed or fer< 1 in which case the conjugate fixed point does not exist. In order to a heteroclinic orbit
connecting the two fixed points can exist, there must beimgutarity between them; this @ans that a smooth transition
corresponding to a transcritical bifutaan from the upstream fixed point to the downstream one can happen in these conditions
by varying W andc. Fig. 4 shows in thé¥ versusc plane, two shaded regions where none of the singular heights intrude
betweenH; and Hy. The boundaries of these regiong aonstituted by the trajectorié$H1) = 0 ands(Hy) = 0.

(51)

6.1. Stability and bifurcations of the fixed points

The dynamical system (48) is now considered to locate regions of the parameter space in which periodic and chaotic
motion may occur. In principle, the full investigation of the underlying dynamics requires a numerical study of the model,
due to its nonlinearity, but some insights about the behavior of the flow may be obtained from the linear analysis near
the fixed points. We notice that the latter may however be restricted to only the stability properties of the upstream fixed
point and therefore to the solutions bifurcating from it owing to the invariance of the system to the rescaling transformation
(6. h.c.R, W) — (Ha, Hoh, H2c, R/H3, WH3). Hence, limiting ourselves to the study of the upstream fixed point, and
following the usual method for solving sets of first order linear differential equations, trial solutions of thé ferexp(1&)
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may be substituted intdhé equations. The conditions for a novial solution to exist is thak. must be an eigenvalue of the
Jacobian matrix and therefore must satisfies the cubic characteristic equation:

A3+ [%A2+ﬂzk+%]/6(l)=0, (52)
where theB coefficients are given by the following expressions:
36 27
Pi=-F+<c
B2 = —3? gcz - %c 2—2, (53)
B3 =3B —0¢).

A topological singularityassociated with an instabilitpccurs when one real eigenual or two complex conjugated
eigenvalues for the generic case (more for nongeneric case) cross the imaginary axis. In the case of real eigenvalue crossing;
the generic bifurcation is the transcritical bifurcation; the two fixed points collapse at the criticalcvalBfor which the
Jacobian matrix is noninvertibledz = 0). When this critical value is crossed, the two fixed points exchange their stability.

For ¢ < 3, the fixed pointH; is stable and, unstable, whereas fer> 3 these stability properties are inverted. Physically, this
bifurcation gives rise to a traveling wave of hydraulic jump type. In the case of complex conjugated eigenvalues crossing, the
generic situation is a Hopf bifurcation. There is no violation of the implicit function theorem since the Jacobian matrix remains
invertible. At the bifurcation appears a limit cycle centered at the fixed point, this means that periodic solution may bifurcate
from the uniform flow under suitable conditiarisis straightforward to show that th@pearance of a Hopf bifurcation requires

the following three conditions:

B1571>0,  p57l>0,  Bifar=0ps. (54)

In order to illustrate the influence of all parameters on the possible bifurcations, we present results,iodt®®’ R) plane for
various R and W. First of all, it is to be noted that the equality in (54)nothing but the margal stability condition in the
particular case of traveling waves. Moreover, the first two conditions are satisfied only in the linear instability(Rgink ).

This allows to restrict ourselves to the values of&R less than 65. Fig. 5 displays the effect d¥ on the Hopf bifurcation
threshold(8182 = §83) represented by the curve (H). This curve converges naturally to the critical(poty R = 6/5, c = 3)

and lies in a region (R that is bounded by the curves= 3 andB, = 0 and where the two inequalities in (54) are satisfied.

It is seen that a$V is decreased, the curve (H) tends towards the boundary (C) for yghiehO. For relatively smallW and
beyond a some critical value, (H) iggated in both sides of (C). Whel is further decreased the Hopf bifurcation threshold
finally stands out ofR; as W — 0. This suggests that the Weber number must exceed a certain minimum Wayefdr a

Hopf bifurcation to occur. This minimum is obtained for each&ak by imposing that equation®; 8o = 83 and8> = 0 hold
simultaneously. Sincgs % 0 whenpg, = 0, it follows thats = 0. The elimination of between these two conditions allows

to express the minimum Weber number as a function of £8t Fig. 6 shows that there is discernible difference between the
present model and that of Lee and Mei [27] who found that a more impadiftanis required to destabilize the fixed point via
Hopf bifurcation. Multiplying W, by R/3, one obtains the minimum modified Weber numbéy for the Hopf bifurcation

to occur. Indeed, for small to moderate valuesrRofW,, also is small and the occurrence of this unphysical frontier in the
parameter space is not important since the whole long wave strategy is no longer valid. The presence of this minimum however
could be significant in the limit of larg& and therefore constitutes a defect of the model. This unrealistic phenomenon is
related to the degeneracies of the system (48) coming from the possible cancellation of the dendnliniatoevealed only

by third order models incorporating inertia forces in the normal direction and could be cured by including higher order terms.
In order to anticipate the effects of the various parameters on the appearance of complex attractors by a numerical procedure,
the qualitative properties of the eigenvalues are shown by lttwtion in the complex planetbugh Figs. 7. The distribution

of the eigenvalues shows that complex dynamic may occur bssirg the Hopf bifurcation cue. In order to illustrate the

role of W andR, typical values of these parameters are chosen to calculate the eigenvalues for various domains @&f khe cot
versusc plane. The range aof is betweerc = 1 and another limit (of approximately 8.8) given in Fig. 4. Whelies above

this upper limit, neither Hopf bifurcation nor heteroclinic orbits are possible whereas<dr, only the fixed pointd exists
which does no longer undergo Hopf bifurcations. Fig. 7@)idts the qualitative properties of the eigenvaluesifo= 1 and

R = 10. It shows that for;, (cotd)/R < ¢ < 3 wherec;, indicates the critical value af for the Hopf bifurcation to occur at
some given cal/R, the fixed pointH; is stable whereas the fixed poifp is unstable. Since no singularity intrudes between
them, a heteroclinic orbit arising froii, and joining it toH1, is therefore possible. By increasingthe fixed pointH; loses

its stability whenc crosses the critical value= 3 and may undergo a transcritical bifurcatior ifloes not exceed the singular
value ofc which is of order 34 in the present case. When the Hopf line is crossed by decregsarignit cycle bifurcates from

the fixed pointH1, which in turn may undergo further complicated bifurcations i§ decreased again while remaining above
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the limit ¢q;, determined by the bounda(B). Besides the sigular straightline (P corresponding to the vanishing &f1) for a
fixed W, the Hopf line (H) and the transcritical bifurcation threshold (T), we have also drawn:

(i) the curve (S), in the case of a saddle focus fixed point, along which the sum of the real eigenvalue and the real part of the

complex ones vanishes; this curve referred as Shil'nikov boundary is described by the relation:

283 + R25()[B38(1) + B1B2] = O.

(55)
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Fig. 7. Effect of W and R on the qualitative properties of the eigenvalues of thedian matrix and location of the Hopf line (H), Shil'nikov
line (S), line (B) separating saddle spirfiism saddle nodes, straight lines (D) and (d)yresponding respectively to the singulartgl) =0
and to the transcritical bifurcation. (# =1, R =10; (b) W =1, R =100; (c)W =5, R =10; (d) W =5, R = 100 The upstream fixed point
is linearly stable in the region @® between (T) and (H).

Crossing this curve may lead to homoclinic chaos according to the Shil'nikov theorem which stipulates that the existence of
a homoclinic orbit generated by a saddle spiral fixed point implies the existence of nonperiodic trajectories if the magnitude

of the real part of the complex eigenvalue is smaller than the magnitude of the real eigenvalue. Let us recall that a homoclinic
orbit occurs when the trajectory that spirals out (or in) on the manifold spanned by the eigenvectors corresponding to the pair
of complex eigenvalues eventually joins the trajectory coming into (or out of ) the fixed point along a direction transverse to the

spiral manifold.
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(i) the boundary (B) separating saddle spirals from saddle nodes and along which two eigenvalues coalesce on the real axis.
This property allows to represent it by the equation:

B3 B1B3
4r?(TL 0w p2) (13- 3P252) - (e - 9500 =0 (56)
Crossing this curve may also lead, in some conditions, to Shil’nikov chaos.

We observe that Shil'nikov homoclinic chaos may occur in the whole region between the curves (H) and (B) since the
Shil'nikov criteria is always satisfied here due to the curve (S) does not intersect the curve (B). Figs. 7(b)—(d) display how the
Reynolds and the Weber numbers act upandhalitative properties of the eigeriues. The position of the boundary (B) is
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seen to strongly depend on the Reynolds number for a given Weber number. The result is the shrinkage of the region where
complex attractors are possible. Thence, it should be pointed out that chaotic motion may exist in the permanent wave form for
only a small range of, the size of which is a decreasing function®ft a given cof /R. It is seen that a® is increased, at

fixed R, the boundary (H) qu#atively changes little whereasdtthange is drastic on the valueqgfand on the curve (B). We

note again that for the present cases there is no singularity between the stable and unstable fixed points. This means that smooth
heteroclinic orbit may therefore connect these fixed points when the transcritical valigeabssed.

6.2. Numerical integration of the traveling wave equation

Here we shall discuss sonresults obtained by integrating (48)lgect to appropriate initial conditions dd. These
conditions were varied by superimposing an arbitrary small perturbation of magnitude of about 0.1% to the Nusselt solution.
The integration is achieved by use of Maple 8 software library. Each run is pursed for sufficiently long time until the trajectories
finally settle down on the attractor. We restrict our attention to the presentation of sample result's=fdrand R = 10.

These are not exhaustive but provide a same qualitative picture of model behavior in certain regin® pkpace. As it

is mentioned previously, the linear stability aysit also suggests to take the inclinatibiso that 0< cotd/R < 6/5. It was
confirmed, through numerical experiments, that no nonlinear attractor exists whgiRcst6/5. In order to illustrate how the
behavior of solutions changes by continuously changing the wavespeeslfirst consider the transcritical bifurcation from

H, to H> when the critical wavespeatd= 3 is crossed. Hence, a smooth connection may join the two fixed points provided
thatc remains below its singular value. In Fig. 8, we give the shape of the surface ihenrresponding to a heteroclinic

orbit going fromHy to Hy for cotd/R = 0.2 andc = 3.1. Similar results were obtained for other values ofdg@ andc. In
accordance with the predictions of the linear analysis, there is no smooth heteroclinic orbit beyond the singularcv&lge of

now consider the more complex dynamics resulting from the firsisgtry breaking via Hopf bifuration. In order to illustrate

the main features of the bifurcation scenarios beyond the Hopf thresholds we shall present attractors obtained for some selected
values ofc and cot/R. In the case of cdt/R = 0, the fixed point first undergoes a Hopf bifurcationcat= 2.0701, this
generates a limit cycle whose period is of ordee 7.6. Whenc is decreased again, the limit cycle increases its amplitude and
wavelength until a second critical valug = 1.9618 is reached, where another limit cycle of peridd takes place. Instead

of a single maximum and single minimum the signal contains two maxima and two minima. Solutions réh@endlic as

the phase velocity decreases until a further period doubling bifurcation occurs at approxirgately9425, the solution now

being periodic with period Z and the signal containing four maxima and four minima. It has been established by decreasing
further the wave speed that a period doubling route to chaos is dictating the dynamics according to the Feigenbaum scenario.
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Fig. 8. Wave profile corresponding to hetero- Fig. 9. Global bifurcation diagram showing the local maxirhg
clinic orbit joining H1 and H, and obtained for of the wave profile plotted against the wave celerity in the case of
W =1, R =10, cotd/R =0.2 andc = 3.1. The vertical plane forR = 10, W = 1. This illustrates the period doubling
prescribed initial conditions ark(0) = 0.0001, bifurcations leading to chaos.

hg (0) = 0.001 andhg (0) = 0.001.
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Table 1
Successive bifurcation points compared with thos&ined from the models presented in [26] and [27]

c c1 c2 c3 0 Coo
Present model .2060 21806 21751 21745 2120805078
Nguyen and Balakotaiah [26] 2400 23044 - 22496 2219249700
Lee and Mei [27] 2824 22581 22545 22536 2198575538

These results are summarized in Fig. 9 which displays the bifurcation diagram representing the maximal wave amplitude as a
function of the wave speed. The periodic character of the wave is preserved by deceaatihthe critical valuecg = 1.9371

is reached. Decreasing the celerity further causes the wavesetthieis regularity and degenerate into chaotic attractor until
another critical value~, = 1.8639 is reached. Beyond this limiting valuketsolution become unbounded. It can be seen from

the computed values of successive window lengths that our results are consistent with the Feigenbaum universal theory. For
testing the model, we compare in Table 1 the successive bifurcation points with those given in [26] and [27] for the same set of
parameter values, nameR/= 3.8 andKa = 22. Further calculations were carried out for variousdg@®. First of all, we note

that beyond the first symmetry breaking, the amplitude &edaavelength of the resulting limit cycle grow with égtR. We

found again that reducing for various cot/R leads to other bifurcation scenarios. Figs. 10 show attractors constituted by a
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series of solitary waves forming a train of periodic waves with very long periods, obtained for some value%/&f aotic.
These waves are characterized by one or more prominens peglentle slope at the upstream side and a steep wave front due
to gravity and preceded by capillary ripplesheéke peculiar forms suggest near homoclbifarcations. The orbits slowly rise
from Ho, wind one or several times arourtiand then return t@f>. By decreasing caét/R , the dynamics becomes more and
more complex and homoclinic chaos is expected by further decreasingéyfreot

7. Concluding remarks

The main contribution of this paper consists in the incorporation of third order terms which should be taken into account,
for consistency, in the range of small to moderate Weber numbers. Neglecting these terms, particularly in the high Reynolds
number range amounts to inconsistentlyitbmg some seand order terms in the dynamics of the film flow. The efficiency and
accuracy of the model are illustrated by comparing the linear stability results with those given by some recent models and the
OS equation. The ability of the model to follow quite closely the numerical results given by the OS equation is due to a suitable
choice of the parameter introduced to describe the second order departure of the velocity profile. Improvements appear
significantly in the limit of small Weber numbers corresponding to inertia dominated regimes. The nonlinear aspects of the film
flow are then examined by using a simplified version of the model that however retains its main features and by considering
asymptotic states characterized by waves of permanent form. In the relatively limited subspace of parameters we have explored,
the solutions exhibit the same qualitativehaviors as those given byhetr authors. Quantitatively, some differences are found
and deserve to be reported. For example it is found that the predicted minimum Weber number for a Hopf bifurcation to occur is
approximately 30% less, and therefore closer to reality, than that given by Lee and Mei [27]. The occurrence of this threshold has
no importance for small to moderate Reynolds numbers sindettigavave assumption is no longer valid but rather constitutes
a shortcoming of the model in the limit of large Reynolds numbers; this may be cured for instance by the inclusion of higher
order terms.
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